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Abstract
Faced with the increasing need for correctly designed hybrid and cyber-physical systems today, the
problem of including provision for continuously varying behaviour as well as the usual discrete changes
of state is considered in the context of Event-B. An extension of Event-B called Hybrid Event-B is
presented, that accommodates continuous behaviours (called pliant events) in between familiar discrete
transitions (called mode events in this context). The continuous state change can be specif ed by a combi-
nation of indirect specif cation via ordinary differential equations, or direct specif cation via assignment
of variables to values that depend on time, or indirect specif cation by demanding that behaviour obeys
a time dependent predicate. The syntactic elements of the extension are discussed, and the semantics is
described in terms of the properties of time dependent valuations of variables. Ref nement is examined
in detail, with reference to the notion of ref nement inherited from discrete Event-B. A full suite of proof
obligations is presented, covering all aspects of the new framework. A selection of examples and case
studies is presented. A particular challenge —bearing in mind the desirability of conforming to exist-
ing intuitions about discrete Event-B, and the impact on tool support (as embodied in tools for discrete
Event-B like Rodin)— is to design the whole framework so as to disturb as little as possible the existing
structures for handling discrete Event-B.
1. Introduction
Today, we see an ever-increasing interaction between digital devices and the physical world. Once, it
was enough to see this in terms of predominantly isolated systems, in which a single digital device inter-
acted with a f xed suite of physical equipment, and to talk, therefore, of embedded systems. Nowadays
though, this picture is proving more and more inadequate. It is more and more the case that families of
such systems are coupled together using communication networks, and can thus inf uence each others’
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working. These days then, the talk is of Cyber-Physical Systems [45, 51, 52, 54, 49, 13, 18, 44, 1, 37],
which is the name that has been adopted for these interacting families of embedded systems.
These new systems throw up novel challenges in terms of design technique, as it is increasingly
diff cult to ignore the continuous characteristics in their behaviours. Unfortunately, the usual kinds of
approaches to the modeling, specif cation and development of conventional discrete systems, offer lit-
tle help for developing the continuous aspects, simply because the usual semantic foundations of such
approaches make almost no contact with what is needed for the continuous world.
That is not to say that discrete techniques have never impinged on the design of systems that are con-
tinuous as regards their physical characteristics — far from it. However, the usual way that purely discrete
technologies interact with the continuous aspects is to tiptoe round them— predominantly because of the
semantic inadequacy just mentioned. Often, the inconvenient continuous aspects are permitted to occur
in only very simplif ed form, and then their consequences can typically be reduced to a small number of
algebraic facts, which can be accommodated within the discrete world.
For very simple problems, this approach can almost be convincing, aside from the fact that the
collection of algebraic facts that are accumulated, usually fail to come with the necessary invariants that
bind them together — precisely because the required invariants emerge from the continuous world, which
is being studiously ignored. Obviously this undermines the integrity of such a technique and weakens
the dependability that it can deliver.
For more complex systems, the problem only gets worse. First, the design is approached from the
purely continuous side (since it is too complicated to ignore the continuous aspects altogether). Con-
ventional techniques from the continuous sphere are applied, until the design has reached a reasonable
state. Then, some engineering heuristics are applied that turn a continuous design into a discrete one,
after which, a kind of collective amnesia takes place. All thoughts of the continuous world are forgotten,
and the discrete design that emerged from the earlier activity —which is regarded now as the top level
spec— is treated as if it were the most obvious and natural way to abstractly specify the desired system.
Unfortunately, there is a major defect to this strategy. Specif cations, by their nature, are intended to
be as clear and perspicuous as the intrinsic nature of the problem will allow, so that they can be clearly
related to domain level requirements, and properly understood by all problem domain stakeholders as
easily as possible. An essential ingredient of this is simplicity of expression and of structure. The B
Method [2, 3] —which is our concern in this paper— more than most, stresses the importance of starting
out with a clear and simple view of the system-to-be, and of adding the complexity only gradually.
However, that which is clear and perspicuous in the continuous world is not the same as that which
is clear and perspicuous in the discrete world. The limiting processes that go into the construction of
continuous world quantities, sweep away vast (in fact unbounded) quantities of the discrete level detail
that goes into their bottom-up construction. This radically changes the nature of what is ‘simple’ in the
two worlds.
In this paper we extend the formalism of Event-B so that it can deal with continuous behaviour
as a f rst class citizen. This extends the reach of the B Method so that it is better able to capture the
kind of developments needed to realise the cyber-physical systems spoken of earlier. As a byproduct, in
enabling continuous behaviour to occur in native fashion at the most abstract levels of the development,
the complex, unintuitive detail manufactured by discretization processes, takes its rightful place at the
intermediate levels of a more broadly based development.
In cyber-physical systems design, the communication side of the communication / continuous inter-
play that has to be faced, can be handled by relatively conventional means. After all, communicating
systems have been studied in computer science for many years, and Event-B is no exception in providing
many examples of the modeling of communication (see e.g. [3]). This leaves the continuous side to be
faced, and our extension of Event-B enables it to encompass hybrid behaviour in a f rst class way. This
is the main objective of the present paper.
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Our extension of Event-B is designed to cause as little disruption as possible to the existing structure
of discrete Event-B. This point is important since considerable investment has already been made in tool
support for Event-B, through projects like RODIN [39], DEPLOY [21] and ADVANCE [4], resulting in
the current state of the Rodin tool [40]. This, we do not wish to spoil.
The remainder of the paper is as follows. In Section 2 we explore preexisting work in more detail
and contrast some of its common features with what we do in this paper. In Section 3 we brief y review
discrete Event-B. Section 4 is concerned with setting out the semantic foundations for incorporating
continuous behaviours into Event-B in our approach. In Section 5 we def ne the core syntax of our
Event-B extension, indicating how the issues discussed previously relate to it. In Section 7 we discuss
the formal semantics of our framework, relying on standard results from the literature to handle routine
matters. In Section 8 we discuss ref nement in the extended Event-B framework. Section 9 collects
together the proof obligations that keep all the issues discussed previously under control in a specif c
development. Section 10 describes a number of small case studies, starting with the bouncing ball,
continuing with a simple discretization of continuous behaviour, and culminating with a simple study of
the European Train Control System. Section 11 concludes.
2. Related Work and the Hybrid Event-B Approach
The framework for Hybrid Event-B that we will build below is similar in many respects to a num-
ber of formulations of hybrid systems in the literature. Hybrid systems themselves have been stud-
ied intensively for many years, and the literature is too large by now to cover everything in detail
here. Some of the earliest work includes [35, 5, 6, 28, 33]. Shortly after these papers appeared, other
works such as [34, 24, 25, 53] and [26, 43, 22, 8] were published. Slightly later formulations include
[33, 14, 29, 30, 17, 7, 16, 23]. Of particular note is the survey [15], which covers a large number of these
formulations, and especially, the tools that support them. A modern and unif ed theoretical overview of
many of these established approaches is to be found in [46], and there is [38] which is closest to our
approach. Moreover, a large body of work has appeared in the International Conference on Hybrid Sys-
tems: Computation and Control series of international meetings, and this, combined with the modern
trends noted above, has joined with other relevant events, creating the major annual CPS Week meeting
in recent years. We now comment on three characteristic that are frequently seen in this class of system.
The f rst characteristic of many extant systems for addressing hybrid behaviour, is that they are
conceived with the strategy of verifying that a given hybrid system satisf es some desirable property
— obviously this is a laudable aim in itself. Unfortunately, any language that is expressive enough to
encompass a signif cant portion of hybrid behaviour is highly undecidable. As a consequence, the desire
to make mechanisable inroads into the verif cation high level goal has led to many systems that curtail
quite severely the expressivity of the language used to describe the candidate hybrid system, in order
to lend some decidability to the problem. Even so, the needed decision procedures often have high
complexity, adding yet more diff culties.
The second characteristic comes from this severe curtailment of expressivity inherent in the strategy
just described, which chimes with a kind of bottom up approach. If one cannot express a problem
in the most transparent way, its description will most likely reduce to a complex set of lower level
subproblems (such as with discretization, discussed above). This only makes worse any challenge from
high complexity decision procedures.
The third characteristic is a typical further consequence of this kind of strategy, namely that the con-
nection between the formal description of the two sides of the framework can become weak. While the
discrete side is invariably captured quite precisely, the side of the formalism that deals with the contin-
uous side is either: precise but severely curtailed in expressivity; or is more encompassing regarding
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the admitted continuous behaviour but signif cantly less precise regarding its foundations — in extreme
cases delegating all aspects of continuous behaviour to, e.g., the semantics of a simulation tool.3
The extent to which any of these characteristics is present in any given formalism varies widely, of
course. Our own approach for Hybrid Event-B attempts to bypass some of these diff culties by advocating
a top down methodology. By starting with simple models, and designing the properties that they should
satisfy along with them (rather than trying to discover those post hoc), and enriching both along the
way to the f nal system, the aim is to keep the tractability of all aspects of design and verif cation much
higher than if one was confronted with the f nal system outright — without any clues as to its underlying
structure or design motivations.
A salient characteristic of the B-Method in general, of Event-B in particular, and of our hybrid
extension of it, is the extent to which the top down approach is integral to the formalism. This approach
has given Event-B considerable momentum worldwide [47], good reason to inspire our hybrid extension
of it here. The top down approach also has some consequences regarding the issues mentioned above,
which we comment on now.
Regarding verif cation, because we model at the highest level of abstraction possible, we avoid the
pitfalls of an inherently bottom up approach, that would be forced by a low degree of expressivity. This
has the advantage that we can attempt verif cation where it potentially has the least complexity; but it also
has the disadvantage that we can easily write down models for which no verif cation strategy is known.
We elaborate this point further shortly.
Regarding concerns about the formal description of the framework, our approach to the design of Hy-
brid Event-B is more readily distinguished from alternative approaches. First and foremost, we ground
the semantics of the Hybrid Event-B framework-to-be in established facts from the world of textbook
pure mathematics (facts concerning properties of suitable families of piecewise continuous real func-
tions). This standpoint separates soundness-in-principle of the formalism (established by appeal to facts
from mathematical analysis) from verif ability-in-practice (performed by executable algorithms running
with acceptable complexity on specif c classes of examples) — and leads to situations in which we know
(semantically) certain generic facts on which we can rely, even though, in specif c instances we cannot
calculate their consequences. Still, this approach gives our formulation an equally consistent level of
formal rigour for both the discrete and continuous parts of the theory, at least in principle.
In this paper we focus on the generic formal semantics. The preceding remarks imply that there is
a non-trivial road to be navigated from the generic semantic world to the world of verif able problem
instances. We do not embark on that road in this paper, postponing those details to other publications.
Verif ability in practice is the primary concern of tools, and along with the theoretical development
of this paper, there is an intention to enhance the Rodin tool [39] to incorporate the capability to verify
suitable classes of practical examples. Typically, this capability will be somewhat open-ended, in line
with the vast range of applied mathematics about which detailed consequences can be calculated, and
the capability of the extended tool at any point will depend on the effort invested in tool enhancement up
till then.4
What is needed for comprehensive verif cation goes beyond mere calculation of some continuous
behaviour. Looking forward to the needs of the formal semantics, we require the calculation of the times
of preemption of an episode of continuous behaviour by the next discrete transition, and the conf rmation
of invariants over a period of time; looking towards the needs of ref nement, we additionally require
conf rmation of joint invariants over time. All this requires signif cant capability in symbolic calculation
3In fact, the behaviour of many commercial simulation tools intended for the modelling of physical systems is highly
customer-driven, and makes no real contact with any foundational semantic concerns whatsoever [36].
4Thus, we envisage tool capability increasing over time. Despite this though, every version of such a tool will engage with
some subset of the semantic world described in this paper, simplifying the conceptual challenge for practitioners.
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for the tool, making the design of a suitable verif cation environment non-trivial, as stated.
Beyond these aspects, there are questions regarding the use of heuristic techniques, and of implemen-
tation. The reach of purely symbolic techniques will not cover all cases of interest, so more approximate
techniques will need to be incorporated into the methodology. And when modelling has reached a suf-
f ciently low level, code generation for appropriate parts of the system becomes relevant. Ideally, these
aspects would be controlled by suitably incisive invariants, but it is to be noted that reasoning about
approximate techniques is usually as diff cult as the issues that cause their use in the f rst place, so this
ideal may not be completely attainable.
Putting aside these questions of Hybrid Event-B internal strategy, the picture of system behaviour
that it offers is quite similar to that offered by many of the systems mentioned at the beginning of this
section. The majority of the works mentioned take an automata-theoretic view of hybrid systems, having
named states for the discrete control. Within each of these, continuous behaviour evolves until the next
preemption point, which is triggered by the truth of the guard condition of the next discrete state. We
achieve a similar effect via the mode and pliant events of Hybrid Event-B, described below.
This relatively small degree of difference between formulations is in fact reassuring since, in Hybrid
Event-B and in other approaches, among many things, we need to describe the physical world, and the
physical world is as it is. Obviously, to be effective, any description of it must conform to the single
existing reality. The combination of isolated discontinuous change of state, together with smoothly
continuous behaviour has proved to be a useful framework in a number of formulations at the level of
abstraction needed for applications.
3. Discrete Event-B
In this section we summarise discrete Event-B [3]. Event-B is characterised by proof obligations
(POs) that def ne what consistency means for constructs, and for relationships between constructs. In
keeping with a style we will follow throughout the paper, we do not quote the POs formally as we
discuss various issues in the body of the paper, instead we accumulate all the POs, in Section 9, using a
consistent notation, for better reference. The exception to this is when a PO of discrete Event-B needs to
be modif ed in some way for the continuous extension. Then we quote the original form here.
3.1. Event-B Machines
Event-B consists of MACHINEs, supported by CONTEXTs. Contexts def ne the static data envi-
ronment within which the dynamic behaviour of the machines takes place. Fig. 1 contains a context and
a machine that depends on it. Contexts typically def ne sets and constants, the latter being any static
mathematical objects needed by the machines that use them. Relationships between the objects intro-
duced can be asserted using AXIOMS. Further properties that follow from those that are asserted may be
declared in THEOREMS, which must be provable from the axioms. Furthermore, a context may extend
another via an EXTENDS clause, making the entities def ned there available.
An event has a STATUS f eld which indicates the role it plays in the development as a whole. An
event may have parameters, declared by ANY. In general these include inputs, local parameters and
outputs, indicated using notations i?, l,o! respectively. While inputs and outputs are connected with
the environment in the expected way, local parameters serve to resolve inherent nondeterminism in the
event’s actions. The WHERE clause gives the guards, which specify any constraints that the parameters
have to satisfy, and any other conditions that have to hold before the event is enabled. If there are no
parameters, then ANY . . . WHERE is abbreviated to WHEN. The THEN clause gives the actions which
specify the required updates to the values of the VARIABLES (i.e. specify the required change of state).
Actions that update a set of variables var may take the most general form var :| BApred(var,var′), where
BApred(var,var′) is a before-after predicate depending on the before-values var and the after-values
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MACHINE Nodes
SEES NCtx
VARIABLES nod
INVARIANTS
nod ∈ P(NSet)
EVENTS
INITIALISATION
STATUS ordinary
BEGIN
nod := ∅
END
. . . . . . . . . . . .
. . . . . . . . . . . .
AddNode
STATUS ordinary
ANY n
WHERE n ∈ NSet−nod
THEN nod := nod∪{n}
END
END
CONTEXT NCtx
SETS NSet
CONSTANTS aa,bb,cc,dd
AXIOMS NSet = {aa,bb,cc,dd}
END
Figure 1: A simple Event-B machine, together with its context.
var′, and specifying that var is to be updated to any after-values such that BApred is satisf ed. There are
simpler forms, e.g. var := E(var), to handle straightforward assignment to the value of an expression.
Among the events there is the INITIALISATION event, whose guard is posited to be true (indicated by
the guardless BEGIN ... END syntax).
The behaviour of a machine must respect the INVARIANTS. This has a number of consequences.
Firstly, the values established by the initialisation must satisfy the invariants. This is expressed formally
in POs (11) and (12).
Secondly, each variable update must also preserve the invariants. Variable updates are implemented
by event executions. If an event is to be executed, it must be enabled and be feasible. An event is enabled
in the current state, if the event’s guards are true in this state for an appropriate choice of values for
the parameters. An event is said to be feasible iff, whenever in a putative before-state the invariants are
true and the event’s guards are also true, then there is an after-state for which the event’s before-after-
predicate becomes true (when evaluated with the mentioned before-state). This is expressed formally in
PO (13). Furthermore, a feasible event is required to preserve the invariants. So if the invariants and the
event’s guards are true, and a chosen after-state makes the before-after-predicate true, then the after-state
must also make the invariants true. This is expressed formally in PO (15).
For non-terminating systems, after every event, some event must become enabled. Since this is one
point at which the conditions for discrete Event-B differ from those for our continuous extension, we
quote the discrete Event-B PO here:
I(u)⇒ (grdMoEv1(u, l) ∨ grdMoEv2(u, l) ∨ . . . ∨ grdMoEvN(u, l)) (1)
In (1), MoEv1 . . .MoEvN are the requisite events, with l as the parameter for each of them, and I(u) is
the invariant, where u is the state variable. For simplicity, we assumed that all parameter types were the
same. It is possible to be more specif c by separately quantifying each parameter occurrence.
3.2. Event-B Ref nement
In Event-B, development progresses towards implementation via ref nement. We give a small exam-
ple of Event-B ref nement in Fig. 2. It enhances the node set example above with a dynamically added
set of node pairs, yielding a dynamically generated directed graph structure. The requirement of having
directed edges between graph nodes is handled by adding a new variables, invariants and a new event
AddEdge. Since AddEdge does not ref ne any existing event, its occurrences at runtime are considered
to ref ne a ‘notional abstract skip’ event that is not present in the abstract model. Also, to prevent new
6
MACHINE Nodes
SEES NCtx
VARIABLES nod
INVARIANTS
nod ∈ P(NSet)
EVENTS
INITIALISATION
STATUS ordinary
BEGIN
nod := ∅
END
AddNode
STATUS ordinary
ANY n
WHERE n ∈ NSet−nod
THEN nod := nod∪{n}
END
END
MACHINE Edges
REFINES Nodes
SEES NCtx
VARIABLES nod,edg
INVARIANTS
nod ∈ P(NSet)
edg ∈ P(NSet×NSet)
edg ⊆ nod×nod
EVENTS
INITIALISATION
STATUS ordinary
REFINES INITIALISATION
BEGIN
nod := ∅ || edg := ∅
END
AddNode
STATUS ordinary
REFINES AddNode
ANY n
WHERE n ∈ NSet−nod
THEN nod := nod∪{n}
END
AddEdge
STATUS convergent
ANY n,m
WHERE {n,m} ⊆ nod
n 7→ m ∈ NSet×NSet−edg
THEN edg := edg∪{n 7→ m}
END
VARIANT card(NSet×NSet−edg)
END
Figure 2: A ref nement of the earlier Event-B machine.
events from taking permanent control at runtime, they must be ‘convergent’, i.e. they must decrease the
N-valued VARIANT, ensuring relative deadlock freedom.
Ensuring the proper operation of this process is a collection of POs. These cover initialisation (20)
and (21), feasibility and ref nement of existing events (22)-(27), and ‘ref nement of skip’ behaviour and
convergence of ‘new’ events (28)-(29). Finally, a machine can also contain THEOREMS, which must be
provable from the facts available to the machine.
4. Continuous Behaviours
In this section, we discuss, at an appropriately informal level, a number of issues that inf uence the
way that our extension of discrete Event-B is designed.
4.0. Discrete Event-B behaviours. The states of an Event-B machine are given by valuations of the
tuple of the machine’s variables, i.e. functions from the tuple of variables that yield a tuple of values.
Runs of Event-B machines are given as sequences of such valuations, each valuation being generated
from its predecessor by some event. Of course, this does not correspond to the real world, where time is
not discrete. So when runs of an Event-B machine are intended to ref ect real world behaviour, each state
is deemed to persist for an appropriate interval of time, and is then superseded by its successor. So the
time dependence of the state is piecewise constant. In this paper, we extend this picture to also include
continuously varying behaviour, taking into account several points as follows.
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 7LPH :H PRGHO WLPH DV DQ LQWHUYDO T RI WKH UHDOV R ZLWK D I QLWH OHIW HQGSRLQW DQG ZLWK D
ULJKW HQGSRLQW ZKLFK LV HLWKHU I QLWH RU LQI QLWH GHSHQGLQJ RQ ZKHWKHU WKH G\QDPLFV LV I QLWH RU LQI QLWH
DQG RQ ZKHWKHU WKH I QDO WUDQVLWLRQ LI WKHUH LV RQH ODVWV IRUHYHU RU QRW 7KH YDOXHV RI DOO YDULDEOHV
EHFRPH IXQFWLRQV RI T  ,Q RXU VHPDQWLFV ZH ZLOO DOORZ FKDQJH RI VWDWH WR KDSSHQ ERWK FRQWLQXRXVO\
DQG GLVFRQWLQXRXVO\ 7KH GLVFRQWLQXRXV FKDQJHV DUH UHVWULFWHG WR LVRODWHG WLPH SRLQWV VR WKDW T SDUWLWLRQV
LQWR D VHTXHQFH RI LQWHUYDOV T ≡ 〈[W . . . W), [W . . . W), . . .〉 HDFK QRQHPSW\ OHIWFORVHG ULJKWRSHQ 7LPHV
W, W, W, W, . . . VSHFLI\ WKH FRDUVHVW SDUWLWLRQ RI T VXFK WKDW DOO PRGH WUDQVLWLRQV VSHFLI\LQJ GLVFRQWLQXRXV
FKDQJH VHH  WDNH SODFH DW VRPH ERXQGDU\ SRLQW WL 1RWH WKDW WKH WL DUH QRW JLYHQ D SULRUL EXW HPHUJH
YLD WKH UXQWLPH VHPDQWLFV $GGLWLRQDOO\ EHORZ µSLHFHZLVH FRQWLQXRXV¶ DOZD\V PHDQV FRQWLQXRXV RQ
QRQHPSW\ OHIWFORVHG ULJKWRSHQ LQWHUYDOV
 9DULDEOHV 9DULDEOHV DUH SDUWLWLRQHG LQWR WZR VXEVHWV PRGH YDULDEOHV ZKLFK DUH RQO\ SHUPLWWHG WR
FKDQJH GLVFRQWLQXRXVO\ DQG SOLDQW YDULDEOHV ZKRVH W\SHV LQFOXGH WRSRORJLFDOO\ GHQVH VHWV DQG ZKLFK
DUH SHUPLWWHG WR HYROYH ERWK FRQWLQXRXVO\ DQG YLD GLVFUHWH FKDQJHV 5HVWULFWLQJ WR PRGH YDULDEOHV ZH UH
FRYHU FRQYHQWLRQDO (YHQW% ,Q SUDFWLFH WKH SOLDQW YDULDEOHV WDNH YDOXHV LQ µQLFH¶ VXEVHWV RIR LH VXEVHWV
WKDW FDQ EH VSHFLI HG E\ VLPSOH I UVW RUGHU FRQVWUDLQWV RYHU RYDOXHG YDULDEOHV 7KLV LV FHUWDLQO\ QHHGHG
LI WKH IRUPDO VHPDQWLFV RI 6HFWLRQ  LV WR EH PDGH SUHFLVH 6WLOO VXFK FRQVWUDLQWV DUH TXLWH VXII FLHQW WR
FRQVWUXFW PDQ\ TXLWH H[RWLF VFHQDULRV XVLQJ WKH XVXDO FRPELQDWRUV
 /LPLWV :H FRQVLGHU QRZ KRZ GLVFRQWLQXLWLHV DUH KDQGOHG )RU HYHU\ YDULDEOH [ DQG IRU HYHU\ WLPH
W ∈ T  WKH OHIW OLPLW OLPδ→ [(W−δ) ZULWWHQ
−→
[(W) DQG ULJKW OLPLW OLPδ→ [(W+δ) ZULWWHQ
←−
[(W) ZLWK δ>  LQ
ERWK FDVHV ERWK H[LVW DQG IRU HYHU\ W [(W) =
←−
[(W) $W WKH HQGSRLQWV RI T  LI LV QHHGHG IRU DQ\ SXUSRVH
DQ\ PLVVLQJ OLPLW LV GHI QHG WR HTXDO LWV FRXQWHUSDUW 7KXV DOO YDOXDWLRQV DUH FRQWLQXRXV IURP WKH ULJKW
DQG KDYH OLPLWV IURP WKH OHIW 7KLV VSDFH RI IXQFWLRQV LV FRPPRQO\ NQRZQ DV &CDGOCDJ DQG LV PXFK XVHG
LQ VWRFKDVWLF DQDO\VLV SRLQWLQJ WR D VXEVHTXHQW VPRRWK VWRFKDVWLF H[WHQVLRQ RI RXU WKHRU\
 'LIIHUHQWLDELOLW\ ,Q DQ LQWHUYDO [WL . . . WL+) WKH EHKDYLRXU RI HYHU\ SOLDQW YDULDEOH [ LV JLYHQ SLHFH
ZLVH E\ WKH VROXWLRQ RI D ZHOO SRVHG LQLWLDO YDOXH SUREOHP D[V = φ([V, W) ZKHUH [V LV D UHOHYDQW WXSOH
RI SOLDQW YDULDEOHV DQG D LV WKH WLPH GHULYDWLYH µ:HOO SRVHG¶ LPSOLHV WZR FRQGLWLRQV )LUVWO\ φ([V, W)
KDV D /LSVFKLW] FRQVWDQW ZKLFK LV XQLIRUPO\ ERXQGHG RYHU [WL . . . WL+) 6SHFLI FDOO\ WKHUH LV D FRQVWDQW .
VXFK WKDW IRU DOO W ∈ [WL . . . WL+) ZH KDYH ||φ([V, W)− φ([V, W) || ≤ . || [V− [V || 6HFRQGO\ φ([V, W) LV
PHDVXUDEOH LQ W ,Q WKH SUHFHGLQJ || . || GHQRWHV WKH L∞ QRUP RI D UHDO YHFWRU LH WKH PD[LPXP DEVROXWH
YDOXH RI DQ\ RI LWV FRPSRQHQWV 7KH FRQGLWLRQV VWDWHG IRU WKH '(D[V= φ LPSO\ WKDW RQFH LQLWLDO YDOXHV
DUH VSHFLI HG WKH VROXWLRQ [V H[LVWV DQG LV XQLTXH LQ WKH &DUDWKHRGRU\ VHQVH DQG LV DEVROXWHO\ FRQWLQXRXV
RYHU VRPH PD[LPDO ULJKWRSHQ LQWHUYDO 6HH HJ >@ IRU GLIIHUHQWLDO HTXDWLRQV DQG >  @ IRU
WKH ELLPSOLFDWLRQ EHWZHHQ DEVROXWH FRQWLQXLW\ DQG GLIIHUHQWLDELOLW\ DOPRVW HYHU\ZKHUH DPRXQWLQJ WR WKH
&DUDWKHRGRU\ LQWHUSUHWDWLRQ RI '(V
:H LQFOXGHG WKH ZRUG µSLHFHZLVH¶ KHUH EHFDXVH IRU FRQYHQLHQFH DQG PRGHOOLQJ I XHQF\ SOLDQW YDUL
DEOHV PD\ DOVR EH GLUHFWO\ DVVLJQHG HJ [V  ( 6HH 6HFWLRQ  7KH H[SUHVVLRQ ( LV FRQVWUDLQHG WR
\LHOG SLHFHZLVH DEVROXWHO\ FRQWLQXRXV EHKDYLRXU IRU [V GXULQJ D OHIWFORVHG ULJKWRSHQ LQWHUYDO [WL . . . WL+)
7KXV DOWKRXJK D '( ZLOO \LHOG DEVROXWHO\ FRQWLQXRXV YDOXHV GXULQJ [WL . . . WL+) D GLUHFW DVVLJQPHQW PD\
KDYH LVRODWHG GLVFRQWLQXLWLHV FRPLQJ IURP WKH QDWXUH RI ( DQG QRW IURP PDFKLQHM ¶V PRGH HYHQWV
 =HQR :H GHVLUH D FRQVWDQW δ=HQR VXFK WKDW IRU DOO L WKDW DUH UHOHYDQW WL+− WL ≥ δ=HQR :H VD\ µGH
VLUH¶ VLQFH =HQR SURSHUWLHV DUH H[WUHPHO\ KDUG WR HVWDEOLVK VWDWLFDOO\ XVXDOO\ UHTXLULQJ D IXOO NQRZOHGJH
9DULRXV DSSURDFKHV WR K\EULG V\VWHP DQG WLPHG DXWRPDWRQ VHPDQWLFV WDNH YDU\LQJ YLHZV RQ WKH FORVHGQHVVRSHQQHVV RI WKH
LQWHUYDOV GLYLGLQJ XS UHDO WLPH $OO FDQ EH UHODWHG WR RQH DQRWKHU PRGXOR VRPH ORZ OHYHO WHFKQLFDO GHWDLOV
)URP WKH )UHQFK FRQWLQXH CD GURLWH OLPLWH CD JDXFKH

of the dynamics. Moreover, in idealised modelling situations, Zeno behaviour may be tolerable, even if
it is always unphysical in reality. Still, it would typically pose problems for mechanical calculation.7
4.6. Transitions. With the distinction between mode and pliant variables, there is a distinction between
mode transitions and pliant transitions. Mode transitions are just conventional Event-B transitions,
recording a discrete transition from before-values to after-values of some subset of (mode and pliant)
variables, specif ed syntactically by an Event-B mode event.
Pliant transitions record piecewise continuous behaviour of some pliant variables during an interval
[ti . . . ti+1). Since any such interval is only determined at runtime, values ti and ti+1 are unknown statically.
So we introduce two generic constants, tL and tR, to refer to the start and end of any such interval, both
in the concrete syntax of the system def nition, and in our discourse about its behaviour.
Pliant transitions are syntactically specif ed by pliant events. A pliant event can specify the initial
conditions that have to hold for the pliant variables. It can also specify other guard conditions needed for
the enabledness of the pliant transition (typically concerning mode variables). It also specif es the DE to
be obeyed (subject to the conditions in 4.4).
As an alternative to writing a differential equation, if the required continuous behaviour is directly
known, then it may be directly assigned to the pliant variable instead of writing a corresponding DE.
Obviously this is very convenient, but to avert the pathologies inherent in mere continuity,8 we insist that
such continuous behaviours should also be piecewise absolutely continuous solutions to well posed initial
value problems. One consequence of allowing direct assignments, is the possibility of discontinuities in
the pliant variable behaviour being def ned during [tL . . .tR), as noted in 4.4.
Additionally, any further constraints that need to hold while the pliant transition runs can be specif ed
within the pliant event. Parameters may be introduced in a pliant event. Their syntactic scope is the whole
of the pliant event, and at runtime, they refer to functions of time over the interior of the relevant time
interval, (tL . . .tR)). Inputs and local parameters should have the same properties as pliant variables. So
they should be piecewise absolutely continuous solutions to well posed initial value problems.
4.7. Syntactic aspects of time. The semantic aspects of time must be connected with the syntax of
events. Because of its special properties, i.e. as a read-only variable, the time variable must be declared
as such. It is necessary to declare the initial value of T , most conveniently done in the INITIALISATION.
We also admit clocks. A clock, by def nition, increases at the same rate as time during every pliant event
(i.e. its time derivative is 1), so this property need not be mentioned in the syntax. Clocks can be updated
in mode events. More exotic clocks can be implemented using normal pliant variables.
4.8. Interpretation of mode events. In discrete Event-B, an event describes how two successive valu-
ations in a run are related. In Hybrid Event-B, if the mode transition is regarded as taking place at time
tq, then the before-values are normally interpreted as the left limits of the valuations at tq, and the after-
values are the right limits (which equal their values at tq itself). Note that the parameters are regarded as
being def ned only at the time tq itself, so do not possess limits.
The exception to ‘normally’ occurs when a pliant variable undergoes a discontinuity (at time tq say)
arising from a direct assignment (as in 4.4 and 4.6), and the after-value of the discontinuity enables the
mode event (whether the before-value does so or not). Then, to aid f uency in modelling, particularly of
edge-triggered phenomena, the discontinuity after-value plays the role of mode event before-value, the
7Our approach contrasts with many other approaches to the Zeno problem, which demand that any f nite time interval
contains only a f nite number of transitions, or that the sequence of discrete transition times contains no accumulation points.
But this still permits the sequence of times specif ed by ti+1 − ti = 1/i, which, while satisfying the mentioned restrictions,
nevertheless allows the ti to get arbitrarily (and thus unphysically) close together.
8See standard texts on mathematical analysis, e.g. [42, 31, 27].
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PRGH HYHQW H[HFXWHV DW WT DQG YDULDEOH YDOXHV DW WT EHFRPH DV VSHFLI HG IRU DIWHUYDOXHV LQ WKH DVVLJQPHQWV
RI WKH PRGH HYHQW
 ,QWHUSUHWDWLRQ RI SOLDQW HYHQWV $V QRWHG DOUHDG\ WKHUH DUH WZR ZD\V RI VSHFLI\LQJ SOLDQW EH
KDYLRXU YLD D '( DQG GLUHFWO\ ,Q ERWK FDVHV WKH ULJKW KDQG VLGH RI WKH '( RU DVVLJQPHQW PD\ FRQWDLQ
GLVFRQWLQXLWLHV ,Q WKH '( FDVH D[V = φ WKH &DUDWKHRGRU\ LQWHUSUHWDWLRQ LQWHJUDWHV RYHU DQ\ GLVFRQWL
QXLW\ LQ φ \LHOGLQJ EHKDYLRXU WKDW DOWKRXJK DEVROXWHO\ FRQWLQXRXV LV QRQVPRRWK 6HH HJ > @
,Q WKH GLUHFW DVVLJQPHQW FDVH [V  ( DQ\ GLVFRQWLQXLW\ LQ ( UHPDLQV YLVLEOH LQ [V 3LHFHZLVH DEVROXWH
FRQWLQXLW\ RI ( WKXV \LHOGV SLHFHZLVH DEVROXWH FRQWLQXLW\ RI [V 7KH LQWHUDFWLRQ RI VXFK GLVFRQWLQXLWLHV
ZLWK WKH HQDEOLQJ RI PRGH HYHQWV UHTXLUHV FDUH DV DOUHDG\ QRWHG ,I WKH GLVFRQWLQXLW\ DIWHUYDOXH HQ
DEOHV WKH PRGH HYHQW WKHQ WKH GLVFRQWLQXLW\ DIWHUYDOXH LV VXSHUVHGHG E\ WKH PRGH HYHQW DIWHUYDOXH
1% :H GHOLEHUDWHO\ GLVUHJDUG WKH FDVH ZKHUH WKH GLVFRQWLQXLW\ EHIRUHYDOXH HQDEOHV D PRGH HYHQW EXW
WKH GLVFRQWLQXLW\ DIWHUYDOXH GRHVQ¶W
7KH VROXWLRQ WR D '( JLYHV ULVH WR LWV WUDQVLWLRQ UHODWLRQ 4 )RU DQ LQWHUYDO VXFK DV [ / . . . 5) IRU
W ∈ ( / . . . 5) 4( /, W) LV D WLQGH[HG VHW RI EHIRUHDIWHUYDOXH SDLUV UHODWLQJ WKH YDOXDWLRQ DW WLPH  / WR
WKH YDOXDWLRQ DW WLPH W 7KLV JLYHV SHUKDSV WKH FORVHVW FRUUHVSRQGHQFH WR WKH EHIRUHDIWHU SLFWXUH IDPLOLDU
IURP WKH GLVFUHWH ZRUOG )RU GLUHFW DVVLJQPHQWV WKH SLFWXUH LV H[DFWO\ WKH VDPH DQ\ GLVFRQWLQXLWLHV
HQFRXQWHUHG DUH QRW YLVLEOH DV VXFK LQ WKH LQGLYLGXDO 4( /, W) SDLUV RI YDOXHV
$OWKRXJK EH\RQG WKH VFRSH RI WKLV SDSHU DQ DGGLWLRQDO EHQHI W RI WKH IRUPDOLVP GHVFULEHG DULVHV LQ
PXOWLPDFKLQH V\VWHPV 7KHUH D PRGH WUDQVLWLRQ LQ RQH PDFKLQH PD\ EH VHQVHG DV D NLQN RU GLVFRQWLQXLW\
GXULQJ SOLDQW EHKDYLRXU LQ DQRWKHU PDFKLQH ZKLFK GRHV QRW H[SHULHQFH D PRGH WUDQVLWLRQ DW WKH VDPH WLPH
 0RGH DQG SOLDQW HYHQW LQWHUOHDYLQJ ,Q  ZH LQGLFDWHG WKDW GLVFUHWH (YHQW% WUDQVLWLRQV ZHUH
LVRODWHG IURP HDFK RWKHU LQ WLPH DQG WKDW ZH ZDQW WR SUHVHUYH WKLV SLFWXUH LQ +\EULG (YHQW% &RQVH
TXHQWO\ SOLDQW WUDQVLWLRQV DQG PRGH WUDQVLWLRQV PXVW DOWHUQDWH 7R HQVXUH WKLV ZH VWLSXODWH WKDW ERWK NLQGV
RI HYHQWV DUH IHDVLEOH DQG WKDW DW UXQ WLPH HDFK NLQG RI WUDQVLWLRQ HQDEOHV WKH RWKHU NLQG 7KHUHIRUH D
+\EULG (YHQW% UXQ RXJKW WR KDYH WKH IROORZLQJ SURSHUWLHV ZKHUH ZH DVVXPH WKDW WKH PDFKLQH FRQWDLQV
DQ ,1,7,$/,6$7,21 PRGH HYHQW WR VWDUW D V\VWHP UXQ
• (YHU\ HQDEOHG PRGH WUDQVLWLRQ LV IHDVLEOH LH KDV DQ DIWHUVWDWH DQG RQ LWV FRPSOHWLRQ HQDEOHV
D SOLDQW WUDQVLWLRQ EXW GRHV QRW HQDEOH DQ\ PRGH WUDQVLWLRQ ,

• (YHU\ HQDEOHG SOLDQW WUDQVLWLRQ LV IHDVLEOH LH KDV D WLPHLQGH[HG IDPLO\ RI DIWHUVWDWHV DQG
(,7+(5
L 'XULQJ WKH UXQ RI WKH SOLDQW WUDQVLWLRQ D PRGH WUDQVLWLRQ EHFRPHV HQDEOHG 6XFK D PRGH
WUDQVLWLRQ SUHHPSWV WKH SOLDQW WUDQVLWLRQ DQG GHI QHV WKH HQG RI LWV IDPLO\ RI DIWHUVWDWHV
25(/6(
LL 'XULQJ WKH UXQ RI WKH SOLDQW WUDQVLWLRQ LW EHFRPHV LQIHDVLEOH LH IRU VRPH SRLQW LQ WLPH
DOO WKH FRQGLWLRQV VWLSXODWHG FDQQRW EH VDWLVI HG VLPXOWDQHRXVO\ ² I QLWH WHUPLQDWLRQ
25(/6(
LLL 7KH SOLDQW WUDQVLWLRQ FRQWLQXHV LQGHI QLWHO\ ² QRQWHUPLQDWLRQ

,W LV FOHDU IURP   WKDW WKH WLPH SRLQWV WL IRU D JLYHQ UXQ HPHUJH DW UXQWLPH 7KH FRQVWUXFWLRQ RI D
JLYHQ V\VWHP WUDFH WKXV SURFHHGV SLHFH E\ SLHFH GHWHUPLQLQJ WKH WL DV LW JRHV 7KH VHW RI VXFFHVVIXOO\
FRQVWUXFWHG V\VWHP WUDFHV ZLOO FRQVWLWXWH WKH VHPDQWLFV RI WKH V\VWHP 6HH 6HFWLRQ  IRU GHWDLOV
 3UHHPSWLRQ ,Q  DQG LQ HDUOLHU GLVFXVVLRQ LW LV FOHDU WKDW DV VRRQ DV D PRGH HYHQW EHFRPHV
HQDEOHG LW SUHHPSWV WKH FXUUHQW SOLDQW HYHQW 7KLV HDJHU VFKHGXOLQJ RI PRGH HYHQWV LQ +\EULG (YHQW%
LV WKH VKDUSHVW GHSDUWXUH IURP GLVFUHWH (YHQW% VLQFH GLVFUHWH (YHQW% VFKHGXOHV HYHQWV OD]LO\ DV QRWHG
LQ  7KH GLIIHUHQFH LV PRWLYDWHG E\ SK\VLFDO ODZ ZKLFK LV VR UHOHYDQW WR WKH V\VWHPV IRU ZKLFK +\EULG

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:+(1
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 \
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 X
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67$786 RUGLQDU\
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7+(1
[,\,X,R,FON | %$SUHG(
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(1'
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67$786 SOLDQW
,1,7 LY([,\,X, W,FON)
:+(5( JUG(X)
$1< L", O,R
&203/< %'$SUHG([,\,X, L", O,R, W,FON)
62/9( D [= φ([,\,X, L", O, W,FON)
\,R  (([,X, L", O, W,FON)
(1'
(1'
)LJXUH  $ VFKHPDWLF +\EULG (YHQW% PDFKLQH
(YHQW% LV LQWHQGHG 3K\VLFDO ODZV DUH DOO HDJHU HJ D IDOOLQJ ERXQFLQJ EDOO ZKHQ LW KLWV D KRUL]RQWDO
VXUIDFH GRHV QRW KDYH DQ\ FKRLFH DERXW ZKHQ WR ERXQFH XS DJDLQ VHH 6HFWLRQ  IRU PRUH GLVFXVVLRQ
 6\QWD[ RI &RUH +\EULG (YHQW% 0DFKLQHV
)LJ  VKRZV WKH HOHPHQWV RI D +\EULG (YHQW% PDFKLQH $IWHU WKH PDFKLQH QDPH LV WKH 7,0(
GHFODUDWLRQ ZKLFK QDPHV WKH YDULDEOH XVHG WR GHQRWH UHDO WLPH LI QHHGHG 7KLV SHUPLWV UHDGRQO\ DFFHVV
WR WLPH LQ WKH UHVW RI WKH PDFKLQH 7LPH LV V\QFKURQLVHG YLD D:+(1 FODXVH ZLWK WKH VWDUW RI D UXQ LQ WKH
,1,7,$/,6$7,21 1H[W FRPHV D &/2&. YDULDEOH FON 7KLV DOORZV WKH UHVWULFWLRQV GLVFXVVHG LQ 6HFWLRQ
 WR EH HQIRUFHG 7KHQ FRPH WKH 3/,$17 DQG 9$5,$%/(6 GHFODUDWLRQV 7KH IRUPHU LQWURGXFHV WKH
SOLDQW YDULDEOHV ZKLOH WKH ODWWHU LQWURGXFHV WKH PRGH YDULDEOHV
1H[W FRPH WKH ,19$5,$176 :KHUH WKHVH GHFODUH W\SLQJ LQIRUPDWLRQ WKH FRQYHQWLRQV XVHG LQ
GLVFUHWH (YHQW% DUH H[WHQGHG WR +\EULG (YHQW% LQ WKDW WKH W\SH RI D SOLDQW YDULDEOH VXFK DV [ RU \ LQ
)LJ  LV WKH VHW RI YDOXHV WKDW LW FDQ WDNH DW DQ\ JLYHQ PRPHQW RI WLPH VSHFLI FDOO\ R LQ WKH FDVH RI [,\
2WKHU LQYDULDQWV PD\ EH ZULWWHQ DV XVXDO 7KH IDFW WKDW WLPH GHSHQGHQFH LV QRW SDUW RI WKH W\SH RI DQ\
YDULDEOH PHDQV WKDW DQ RFFXUUHQFH RI D YDULDEOH LQ DQ LQYDULDQW QHFHVVDULO\ UHIHUV WR LWV FXUUHQW YDOXH
ZKLFK LV DW DQ DUELWUDU\ WLPH GXULQJ D V\VWHP UXQ &RQVHTXHQWO\ DQ\ LQYDULDQW H[SUHVVLRQ ZULWWHQ LQ WKH
,19$5,$176 VHFWLRQ KDV WR EH WUXH DW DOO WLPHV GXULQJ D V\VWHP UXQ
:H GHOLEHUDWHO\ IRUELG VXFFHVVLYH PRGH WUDQVLWLRQV WR RFFXU DV LV SHUPLWWHG LQ VRPH DOWHUQDWLYH IUDPHZRUNV 7KLV SUHYHQWV
WKH VHPDQWLFV RI D µPRGH HYHQW FDVFDGH¶ KDYLQJ WR EH GHI QHG YLD D I [HG SRLQW FDOFXODWLRQ DQG SHUPLWV WKH FKDUDFWHULVDWLRQ RI
V\VWHP WUDFHV DV IXQFWLRQV RI WLPH IRU HDFK YDULDEOH
5HJDUGLQJ LQWHUIDFLQJ EHWZHHQ FRQWLQXRXV DQG GLVFUHWH EHKDYLRXU LW LV KHOSIXO WR KDYH WKH GLVFUHWH EHKDYLRXUV GHVFULEHG LQ
VWUDLJKWIRUZDUG EHIRUHDIWHU WHUPV 6XFK VSHFLI FDWLRQV FDQ VXEVHTXHQWO\ EH UHI QHG WR VHTXHQWLDO FRGH E\ FRQYHQWLRQDO PHDQV
RXWVLGH RI DQG EHORZ WKH OHYHO RI DEVWUDFWLRQ RI WKH SUHVHQW IRUPDOLVP
,I D PRGH HYHQW KDV DQ LQSXW SDUDPHWHU WR IDFLOLWDWH VLPSOHU PRGHOOLQJ WKH VHPDQWLFV DVVXPHV WKDW LWV YDOXH RQO\ EHFRPHV
DYDLODEOH DW D WLPH VWULFWO\ ODWHU WKDQ WKH SUHYLRXV RFFXUUHQFH RI D PRGH HYHQW HQVXULQJ SDUW RI  DXWRPDWLFDOO\
,Q SDUWLFXODU LQ RXU IRUPXODWLRQ WKH W\SH RI D SOLDQW YDULDEOH VXFK DV [ LV QRW IRU H[DPSOH R+ →R DV LW ZRXOG EH LQ VRPH
UHODWHG IRUPDOLVPV LH WKH WLPH GHSHQGHQFH LV QRW PHQWLRQHG H[SOLFLWO\ LQ WKH W\SH

7KHQ FRPH WKH (9(176 VWDUWLQJ ZLWK WKH ,1,7,$/,6$7,21 7KH 67$786 RI ,1,7,$/,6$7,21
LV µRUGLQDU\¶ ² IRU VLPSOLFLW\ H[LVWLQJ HYHQW VWDWXV GHVLJQDWLRQV DUH WDNHQ RYHU IURP GLVFUHWH (YHQW%
IRU PRGH HYHQWV 7KH LQLWLDO YDOXH RI UHDO WLPH LV V\QFKURQLVHG WR WKH LQLWLDO VWDWH RI WKH PDFKLQH LQ WKH
:+(1 FODXVH 5HDO WLPH LV UHDGRQO\ LW LV QHYHU DVVLJQHG 2WKHU YDULDEOHV DUH DVVLJQHG WKHLU LQLWLDO
YDOXHV DV XVXDO LQFOXGLQJ DVVLJQPHQW RI LQLWLDO YDOXHV WR FORFNV ,I D QRQGHWHUPLQLVWLF LQLWLDO DVVLJQPHQW
WR VRPH YDULDEOHV LV QHHGHG LW FDQ EH DFKLHYHG YLD WKH XVXDO $1< . . .:+(5( . . . 7+(1 . . .PHFKDQLVP
7KHQ FRPH WKH UHPDLQLQJ PRGH HYHQWV DQG SOLDQW HYHQWV 0RGH HYHQWV DUH DV LQ GLVFUHWH (YHQW%
DVLGH IURP WLPLQJ GHWDLOV GLVFXVVHG LQ 6HFWLRQV  DQG  $ PRGH HYHQW 0R(Y DSSHDUV LQ )LJ 
3OLDQW HYHQWV QHHG QHZ V\QWD[ $V PHQWLRQHG LQ 6HFWLRQ  SOLDQW YDULDEOHV FDQ EH DVVLJQHG YDOXHV
HLWKHU YLD WKH VROXWLRQ RI D '( RU GLUHFWO\ E\ EHLQJ DVVLJQHG WKH YDOXH RI D WLPH GHSHQGHQW H[SUHVVLRQ
RU LQGHHG E\ EHLQJ DVVLJQHG D YDOXH FRQVLVWHQW ZLWK VRPH WLPH GHSHQGHQW SUHGLFDWH :H KDYH D I H[LEOH
V\QWD[ WKDW DFFRPPRGDWHV DOO WKHVH SRVVLELOLWLHV
$ VFKHPDWLF SOLDQW HYHQW LV VKRZQ LQ 3OL(Y ,W VWDUWV ZLWK D QHZ VWDWXV GHFODUDWLRQ µ67$786 SOLDQW¶
RQ ZKLFK WKH UHPDLQLQJ QHZ V\QWD[ GHSHQGV 1H[W FRPH WZR JXDUG FODXVHV 7KH ,1,7 JXDUG VSHFLI HV
LQLWLDO FRQVWUDLQWV WKDW PXVW KROG FRQFHUQLQJ WKH SOLDQW YDULDEOHV DQG LI DQ\ FRQVWUDLQWV WKDW PL[ PRGH
DQG SOLDQW YDULDEOHV DQG WKH :+(5( JXDUG VSHFLI HV LQLWLDO FRQVWUDLQWV WKDW PXVW KROG FRQFHUQLQJ PRGH
YDULDEOHV DORQH
7KH $1< FODXVH LQWURGXFHV SDUDPHWHUV L", O,R, VDWLVI\LQJ WKH UHVWULFWLRQV PHQWLRQHG LQ 6HFWLRQ 
$V ZLWK PRGH HYHQWV LI WKHUH LV QR $1< FODXVH WKH :+(5( FODXVH FDQ EH UHQDPHG :+(1
7KH &203/< FODXVH GHI QHV D EHIRUHGXULQJDIWHUSUHGLFDWH %'$SUHG([,\,X, L", O,R, W,FON) 7KH
%'$SUHG SUHGLFDWH GHI QHV FRQGLWLRQV WKDW PXVW KROG IRU WKH GXUDWLRQ RI DQ\ SOLDQW WUDQVLWLRQ VSHFL
I HG E\ 3OL(Y ,I %'$SUHG LV VKDUS HQRXJK RU 3OL(Y LV EHLQJ VSHFLI HG LQ D VXII FLHQWO\ ORRVH PDQQHU
WKHQ %'$SUHG DORQH PD\ EH HQRXJK WR VSHFLI\ WKH EHKDYLRXU UHTXLUHG RI 3OL(Y $V DQ H[SUHVVLYHQHVV
PHWDSKRU IRU WKH FRQYHQLHQFH RI PRGHOOHUV ZH DOORZ SOLDQW YDULDEOHV LQ &203/< FODXVHV WR UHIHU WR
WLPH H[SOLFLWO\ 7KXV ZH SHUPLW RFFXUUHQFHV RI WHUPV OLNH µΞ(\(H[), . . .)¶ ZKHUH Ξ LV D SUHGLFDWH \ LV D
SOLDQW YDULDEOH DQG H[ LV DQ H[SUHVVLRQ WKDW HYDOXDWHV WR D WLPH EHWZHHQ  / DQG W
2WKHUZLVH WKH EHKDYLRXU RI WKH SOLDQW YDULDEOHV GXULQJ DQ\ SOLDQW WUDQVLWLRQ VSHFLI HG E\ 3OL(Y PD\
EH IXUWKHU FRQVWUDLQHG E\ WKH 62/9( FODXVH 7KLV FDQ FRQWDLQ '(V DQG GLUHFW DVVLJQPHQWV RI SOLDQW
YDULDEOHV DQG RXWSXWV 7KH IRUP RI DQ\ '( LQ WKH 62/9( FODXVH LV UHTXLUHG WR EH LQ JHQHUDO I UVW RUGHU
IRUP D[= φ DV GLVFXVVHG HDUOLHU JXDUDQWHHLQJ H[LVWHQFH DQG XQLTXHQHVV YLD VWDQGDUG PDFKLQHU\ >@
$ GLUHFW DVVLJQPHQW \,R  ( LV DFFHSWDEOH SURYLGHG ( LV D SLHFHZLVH DEVROXWHO\ FRQWLQXRXV IXQFWLRQ
RI LWV SLHFHZLVH DEVROXWHO\ FRQWLQXRXV SDUDPHWHUV ,Q WKDW FDVH GLUHFW DVVLJQPHQW LV HTXLYDOHQW WR VROYLQJ
D\,DR = D( ZKHUH WKH VROXWLRQ LV UHLQLWLDOLVHG DW SRLQWV RI GLVFRQWLQXLW\ RI ( DQG SURYLGHG WKDW LW
\LHOGV D FRQVLVWHQW VROXWLRQ
$OWKRXJK ZH DUH TXLWH SUHFLVH DERXW WKH VWUXFWXUH DQG PHDQLQJ RI 62/9( FODXVHV ZH DUH OHVV SUH
VFULSWLYH DERXW WKH &203/< FODXVH DOWKRXJK LQ SUDFWLFH LW ZLOO W\SLFDOO\ FRQVLVW RI VWUDLJKWIRUZDUG DO
JHEUDLF FRQVWUDLQWV RQ WKH YDULDEOHV 7R VHH ZK\ FRQVLGHU D &203/< FODXVH OLNH [∈ [ . . .] 8QOLNH GLV
FUHWH (YHQW% WKLV VSHFLI HV D WLPH LQGH[HG IDPLO\ RI DVVLJQPHQWV RI YDOXHV WR [(W) IRU DOO W ∈ ( / . . . 5)
:LWKRXW DQ\ IXUWKHU UHVWULFWLRQ WKLV DOORZV WKH IXQFWLRQ [(W) WR YDU\ XQFRQWUROODEO\ GHVSLWH WKH H[WUHPH
VLPSOLFLW\ RI WKH FRQVWUDLQW [ ∈ [ . . .] 7R DGGUHVV WKLV ZH VWLSXODWH WKDW RI DOO WKH IXQFWLRQV RI W WKDW
WKH EDUH %'$SUHG LQ WKH &203/< FODXVH DGPLWV IRU WKH SOLDQW YDULDEOHV ZH FRQVLGHU RQO\ WKRVH WKDW DUH
SLHFHZLVH DEVROXWHO\ FRQWLQXRXV IRU W ∈ [ / . . . 5) 7KHUHE\ ZH UHVWULFW WKH SOLDQW YDULDEOH EHKDYLRXUV
PHQWLRQHG LQ WKH %'$SUHG WR WKH VDPH FODVV RI WLPH IXQFWLRQV WKDW DUH VSHFLI DEOH XVLQJ WKH HDUOLHU '(
DQG GLUHFW DVVLJQPHQW IRUPV
7R DLG PRGHOOLQJ I XHQF\ ZH GHI QH WZR IXUWKHU FRQVWUXFWV SHUPLWWHG WR RFFXU DV WRS OHYHO FRQMXQFWV
7KHUH LV QR HYLGHQW UHDVRQ ZK\ LQLWLDO FRQVWUDLQWV RQ PRGH DQG SOLDQW YDULDEOH PLJKW EH VHSDUDWHG EXW LW SURYHV XVHIXO ODWHU

in COMPLY clauses: skip and INVARIANTS. The former specif es constant behaviour, while the latter
allows arbitrary piecewise absolutely continuous behaviour, provided the machine’s invariants are re-
spected. Both constructs can be used to specify behaviour for pliant variables not otherwise constrained
in the event. To further simplify model description, when at least one of the COMPLY or SOLVE clauses
contains non-trivial content, COMPLY INVARIANTS is understood to apply to any pliant variables whose
behaviour is not specif ed in these clauses. So COMPLY INVARIANTS only needs to be written when
both the COMPLY and SOLVE clauses have no (other) content. However, we insist that COMPLY skip
must always be written when needed, since it def nes specif c behaviour.
In total then, the set of permitted behaviours for the pliant variables def ned by a pliant event, consists
of the intersection of those permitted by the COMPLY clause and those permitted by the SOLVE clause.
As already mentioned, in the absence of a SOLVE clause, the COMPLY clause can serve as an
implicit specif cation of the required behaviour. This makes it very useful for specifying behaviours that
have to obey global (though potentially time-dependent) constraints, without committing to any specif c
dynamics. We call such specif cations pliant envelopes.13
Overall machine consistency requires that we check various properties of a Hybrid Event-B machine.
Fortunately, a good portion of these are taken care of already in the purely discrete Event-B framework,
and we have commented on them in Section 3. What remains are POs relevant exclusively to pliant
events, and to the interaction between mode and pliant events.
Turning to the pliant event POs, pliant events f rstly have to be feasible. This means that at a presumed
starting time tL, given that the invariants hold and the iv and grd clauses of the pliant event also hold,
then for some duration of the pliant event def ned by tR > tL, for all times t ∈ (tL . . .tR), values for
the variables exist, that satisfy the specif cation of the pliant event, i.e. that the COMPLY and SOLVE
clauses are satisf ed. The formal PO is (14).
Pliant events have to preserve the invariants. Thus, if at tL we have the invariants, and in the interval
to tR a behaviour of the system satisf es the COMPLY and SOLVE clauses, then that behaviour must
also satisfy the invariants throughout this interval. The formal PO is (16).
Note that a subtlety arises concerning the failure of invariants and BDA predicates. If an invariant
ever fails during the construction of a system trace, then that trace is abandoned; failure of invariants
is not permitted. However, if a BDA predicate fails during the construction of a system trace, it simply
indicates that the pliant transition in question has become infeasible. Such infeasibility just indicates
f nite termination if no mode event became enabled during the course of the transition, c.f. (3).
Machine well-formedness is concerned with the expected alternation between mode and pliant tran-
sitions in a run. In going from a mode transition to a pliant transition, we demand that in any mode
transition after-state, no mode event guard is true for any choice of parameter, but that some pliant event
guard is true. The formal PO is (17). Conversely, in going from a pliant transition to a mode transition,
we demand that no mode event is ever enabled during the transition, but that either the values of the
variables at the endpoint tR, do enable some mode event for some parameter, or the left limits at tR
enable a mode event in case values at tR do not exist.14
We still have to be careful though. A f nal pliant transition runs forever or till it becomes infeasible.
If we require such a f nal pliant transition in the system, for the relevant proof obligation to be effective
(i.e. to not fail on f nal pliant transitions), we need to know statically which pliant events are supposed
13In [38] and in other works by Platzer, such specif cations are called differential invariants. In the context of Event-B, where
the word ‘invariant’ has strong connotations with literally time independent properties, we prefer an alternative terminology, to
avoid potential misunderstanding.
14Observe that this def nition handles the pliant/mode issue of Sections 4.8 and 4.9. If a pliant behaviour is continuous at tR
then both options are equivalent. If there is a discontinuity at tR, then presuming all discontinuities are right continuous (see
Section 4.0), the correct value is used for the mode event guard. Otherwise, the left limit must be used.
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to be f nal and which are not. For this purpose we introduce a new status tag for f nal pliant events,
‘STATUS: pliant f nal’. This declares the tagged event as a f nal one and prevents the relevant check
being demanded of it. See (18) for the formal PO.15
6. Further Technical Considerations
In this section we discuss some additional technical issues regarding Hybrid Event-B machines.
6.12. Mode event guard closure. Suppose expression x < 3 occurs in the guard of a mode event MoEv,
where x is a pliant variable. Suppose x behaves as x(t) = 4− t during a pliant transition, where t starts at 0.
Eventually,MoEvwill become enabled, but since there is no ‘earliest time immediately after t= 1’,MoEv
cannot execute at an identif able time unless we replace x < 3 in the guard by x≤ 3, which becomes true
exactly at t = 1 in our example. However, the negation of x ≤ 3 is x > 3, which resurrects the problem.
Our solution is to allow expressions like x< 3 in mode event guards, but to interpret them at runtime via
the topological closure of the regions they def ne when constructing system traces. This interpretation
ensures that mode transitions occur at specif c times, but also allows mode events with non-overlapping
guards (e.g. guards such as x≤ 3 together with x > 3, or more symmetrically, x < 3 together with x > 3)
to be easily def ned for more f uent modelling and reasoning purposes. In the semantics of Section 7,
we restrict to pliant variables whose values are in (subsets of) R. For such variables, we need merely to
replace strict inequalities by nonstrict ones in determining guard closure.
We accept that adding such boundary values into mode event guards may give rise to pathological
counterexamples in which the trajectory does not satisfy event def nitions, or invariants, as written. How-
ever, we claim that these will have little impact in practice, since for the kind of engineering applications
we envisage, the dynamics has to be locally stable in order to be useful. So, a small disturbance to
trajectory data must have a relatively small effect on the trajectory, at least within some time range (the
acceptable limits on such disturbances being highly application dependent). The chief thing is that rea-
soning about the system model allows the maintenance of the invariants to be proved, since these express
what is important about the system. Provided any pathological behaviour permitted by the operational
semantics arises from a disturbance set of measure zero, we can ignore it for practical purposes.
6.13. Event parameter availability. In early versions of discrete Event-B, any parameters needed by an
event were simply assumed available, a natural view when parameters merely resolved nondeterminism.
However, in more recent versions incorporating code generation, parameters can also be input parameters
(decorated with ?), or output parameters (decorated with !); local parameters are written undecorated, as
before. Considering that in discrete Event-B all connections with real time are neglected, the issue of
when any parameter might become available does not really arise.
However, in Hybrid Event-B the issue needs more thought, because of the presence of real time.
There are two design decisions to be made, one for mode transitions and the other for pliant transitions.
For mode transitions, we stipulate that input parameters become available at some time which is
strictly greater than the time at which the most recent preceding mode transition occurred. At that
moment, nondeterminism is resolved by choice of local parameters, and output parameters are calculated
using the event’s BApred. The strict inequality prevents runs contravening the condition in (2), that
forbids a mode transition from immediately enabling another mode transition, and avoids the need to
complicate mode event guards to achieve this effect. This mechanism also gives a convenient way of
modelling stimuli from the environment that arise spontaneously (from the model’s viewpoint).
15Restricting to statically knowable f nal pliant events theoretically constricts computational expressivity, but does so in way
that can only be regarded as benef cial from an engineering standpoint.
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)RU SOLDQW HYHQWV ZH VWLSXODWH WKDW DOO UHTXLUHG SDUDPHWHUV DUH DYDLODEOH LPPHGLDWHO\ WKDW YDOXHV H[LVW
LQ WKH VHQVH RI H[LVWHQWLDO TXDQWLI FDWLRQ WKDW ZRXOG HQDEOH WKH HYHQW UHJDUGOHVV RI ZKHWKHU WKH HYHQW LV
WKHQ VFKHGXOHG IRU H[HFXWLRQ ,Q SUDFWLFH VLQFH SOLDQW WUDQVLWLRQV RFFXS\ H[WHQGHG SHULRGV RI WLPH WKHLU
SDUDPHWHUV ZLOO DOVR QHHG VLPLODU GXUDWLRQV VR ZLOO PRVW OLNHO\ EH KHOG LQ SHUPDQHQW HOHPHQWV RI DQ\
DFWXDO LPSOHPHQWDWLRQ +RZHYHU +\EULG (YHQW% PDNHV QR DVVXPSWLRQV DERXW WKLV DQG RQO\ DVVXPHV
WKDW SDUDPHWHUV DUH DYDLODEOH GXULQJ WUDQVLWLRQV WKHPVHOYHV
 ,QYDULDQW FKHFNLQJ ,Q PRGHOOLQJ D V\VWHP LQ ZKLFK VRPH SK\VLFDO DWWULEXWH LV WR EH FRQI QHG WR
VRPH UHJLRQ WKH VLPSOHVW DSSURDFK LV WR GHI QH DQ LQYDULDQW WKDW FRQI QHV WKH UHOHYDQW YDULDEOH WR WKDW
UHJLRQ 7KHQ HQRXJK HYHQWV VKRXOG EH GHVLJQHG WR HQVXUH WKH LQYDULDQW LV PDLQWDLQHG
2IWHQ PRGH HYHQWV DUH LQYROYHG LQ PDLQWDLQLQJ WKH LQYDULDQW KDYLQJ JXDUGV VWDWLQJ WKDW WKH G\QDPLFV
LV DW WKH ERXQGDU\ RI WKH UHJLRQ DQG ZLWK DFWLRQV WKDW FDXVH D VXLWDEOH FKDQJH RI FRXUVH 7KLV UDLVHV D
WHFKQLFDO QLJJOH IRU WKH VHPDQWLFV
,Q GHWHUPLQLQJ WKH WUDMHFWRU\ RI D SOLDQW WUDQVLWLRQ WKH VHPDQWLFV I UVW ORRNV IRU WKH PD[LPDO LQWHUYDO
ZLWKLQ ZKLFK WKH SOLDQW HYHQW VSHFLI HV D FRQVLVWHQW G\QDPLFV 2QO\ WKHQ LV WKH QH[W SUHHPSWLRQ SRLQW
VRXJKW ,Q WKH VLWXDWLRQ ZH DUH GLVFXVVLQJ WKH G\QDPLFV ZLOO WKHUHIRUH XVXDOO\ RYHUVKRRW WKH GHVLUHG
UHJLRQ¶V ERXQGDU\ EUHDNLQJ WKH LQYDULDQW EHIRUH WKH GLVFRYHU\ RI WKH QH[W SUHHPSWLRQ SRLQW ,W LV WKXV
LPSRUWDQW WKDW WKH LQYDULDQW LV QRW FKHFNHG EHIRUH WKH QH[W SUHHPSWLRQ SRLQW KDV EHHQ IRXQG
$V PRGHOOLQJ GHVFHQGV WRZDUGV LPSOHPHQWDWLRQ ZH ZRXOG QRUPDOO\ H[SHFW WKHUH WR EH VRPH WROHU
DQFH EHWZHHQ WKH WUXH UHJLRQ ERXQGDU\ DQG D PRGH HYHQW JXDUG¶V YLHZ RI LW WR DOORZ IRU TXDQWL]DWLRQ
HUURUV DQG VLPLODU HIIHFWV
 %'$SUHG  5 OHIWOLPLWV 7KH FRQVLGHUDWLRQV WKDW PDGH XV LPSRVH D FORVXUH LQWHUSUHWDWLRQ RQ PRGH
HYHQW JXDUGV DQG WKH UHPDUNV LQ  KDYH LPSOLFDWLRQV DOVR IRU WKH %'$ SUHGLFDWHV RI SOLDQW HYHQWV ,Q
WKH HDUOLHU GHVFULSWLRQ D SOLDQW HYHQW JDYH ULVH WR D WUDQVLWLRQ ZKRVH GXUDWLRQ ZDV D OHIWFORVHG ULJKWRSHQ
LQWHUYDO [ / . . . 5) LWV ULJKW HQGSRLQW EHLQJ GHWHUPLQHG E\ WKH QH[W SUHHPSWLRQ SRLQW RWKHUZLVH EHLQJ
GHWHUPLQHG E\ LQIHDVLELOLW\ EH\RQG  5 7R PD[LPLVH VLPSOLFLW\ RI PRGHOOLQJ ZH DOORZ SUHHPSWLRQ WR
EH GHI QHG E\ WKH WUXWK RI D PRGH HYHQW JXDUG IRU YDULDEOH YDOXHV ZKLFK HLWKHU DULVH LQ WKH LQWHULRU RI
D SLHFHZLVH DEVROXWHO\ FRQWLQXRXV HYROXWLRQ RU DULVH DV I QLWH OLPLWV DW  5 LQ FDVH WKH %'$SUHG GHI QLQJ
IHDVLELOLW\ LV QRW WUXH EH\RQG  5
 )RUPDO 6HPDQWLFV
,Q WKLV VHFWLRQ ZH GHVFULEH WKH IRUPDO VHPDQWLFV RI &RUH +\EULG (YHQW% ,Q RUGHU WR QRW ZDVWH VSDFH
RQ UHSHDWLQJ URXWLQH PDWHULDO ZH UHO\ H[WHQVLYHO\ RQ H[LVWLQJ ZRUN :H UHO\ RQ >@ HVSHFLDOO\ &KDSWHUV
   IRU WKH VHPDQWLFV RI GLVFUHWH (YHQW% DQG RQ >@ HVSHFLDOO\ &KDSWHU ,,,  IRU GLIIHUHQWLDO
HTXDWLRQV LQ WKH VHQVH RI &DUDWKHRGRU\
,Q WKLV SDSHU ZH GHI QH WKH VHPDQWLFV RI D VLQJOH +\EULG (YHQW% PDFKLQH M  )RU VLPSOLFLW\ WKH
VHPDQWLFV SHUIRUPV VHYHUDO FKHFNV DW UXQWLPH ,Q D SUDFWLFDO V\VWHP PRVW RI WKLV ZRXOG EH DYRLGHG E\
LPSRVLQJ V\QWDFWLF WHVWV ZKLFK ZRXOG SURYDEO\ JXDUDQWHH WKH UXQWLPH VHPDQWLFV VHH 6HFWLRQ 
:H WXUQ WR WKH VHPDQWLFV LWVHOI )LUVWO\ ZH PDNH SUHFLVH D IHZ SRLQWV RI WHUPLQRORJ\ DQG FRQYHQWLRQ
• 7LPH UHIHUUHG WR DV W WDNHV YDOXHV LQ WKH UHDO OHIWFORVHG ULJKWRSHQ VHW [W . . .+∞) ZKHUH W
LV DQ LQLWLDO YDOXH IRU WLPH )RU HYHU\ RWKHU V\VWHP YDULDEOH YDU WKHUH LV D W\SH 8YDU ,I YDU LV
SOLDQW WKHQ 8YDU LV R

1RWH WKDW WKH ODWWHU FDVH SUHFOXGHV WKH RFFXUUHQFH RI D GLVFRQWLQXLW\ DW  5

• 7LPH LV D GLVWLQJXLVKHG YDULDEOH UHDGRQO\ QHYHU DVVLJQHG E\ HYHQWV DQG V\QFKURQLVHG ZLWK
WKH PDFKLQH GXULQJ ,1,7,$/,6$7,21 $OO VWDWH YDULDEOHV KDYH LQWHUSUHWDWLRQV ZKLFK DUH IXQF
WLRQV RI DQ LQWHUYDO RI WLPH VWDUWLQJ DW W VHH  $V ZHOO DV GLUHFWO\ UHIHUULQJ WR WKH WLPH
YDULDEOH WLPH PD\ EH KDQGOHG LQGLUHFWO\ E\ XVLQJ FORFN YDULDEOHV GHFODUHG DV VXFK ZKRVH
YDOXHV PD\ EH UHVHW E\ PRGH HYHQWV

• 7KH HYHQWV RI D PDFKLQH M FRQVLVW RI PRGH HYHQWV DQG SOLDQW HYHQWV *LYHQ D YDOXDWLRQ RI
DOO WKH VWDWH YDULDEOHV LQSXWV DQG ORFDO SDUDPHWHUV DQG WLPH D PRGH HYHQW LV HQDEOHG LII WKH
YDOXDWLRQ OLHV LQ WKH WRSRORJLFDO FORVXUH RI WKH VHW RI WXSOHV RI YDOXHV LQ ZKLFK WKH :+(5(
FODXVH RI WKH HYHQW HYDOXDWHV WR WUXH *LYHQ D YDOXDWLRQ RI DOO WKH VWDWH YDULDEOHV DQG WLPH D
SOLDQW HYHQW LV HQDEOHG LII WKH ,1,7 DQG :+(5( FODXVHV HYDOXDWH WR WUXH

• 7KH VHPDQWLFV RI M LV D VHW RI V\VWHP WUDFHV S  (DFK V\VWHP WUDFH 6 ∈ S LV JLYHQ E\ D WLPH
LQWHUYDO T = [W . . . W),1$/) ZKHUH W),1$/ ZLWK W),1$/ > W LV I QLWH RU +∞ DQG D VHW RI WLPH
GHSHQGHQW YDULDEOH LQWHUSUHWDWLRQV ζYDU  T → 8YDU RQH IRU HDFK VWDWH YDULDEOH YDU ,I S LV
HPSW\ ZH VD\ WKDW WKH VHPDQWLFV RI M LV 92,' 1 % )RU UHDVRQV RI VLPSOLFLW\ ZH RPLW
LQSXWV ORFDO SDUDPHWHUV DQG RXWSXWV IURP V\VWHP WUDFHV 7KHVH DUH UHJDUGHG DV H[LVWLQJ RQO\
IRU WKH GXUDWLRQ RI WKH WUDQVLWLRQV WKDW WKH\ EHORQJ WR LH WKH VLQJOH WLPH YDOXH DW ZKLFK D PRGH
WUDQVLWLRQ RFFXUV RU WKH WRSRORJLFDO LQWHULRU RI WKH LQWHUYDO GXULQJ ZKLFK D SOLDQW WUDQVLWLRQ WDNHV
SODFH :LWK DGGLWLRQDO PDFKLQHU\ VXFK SDUDPHWHUV FRXOG EH LQFOXGHG LQ V\VWHP WUDFHV

• 7KH VHW RI WUDFHV S LV FRQVWUXFWHG E\ WKH VWHS E\ VWHS SURFHVV EHORZ ZKLFK GHVFULEHV KRZ
LQGLYLGXDO V\VWHP WUDFHV DUH FRQVWUXFWHG LQFUHPHQWDOO\ :KHQHYHU D &+226( LV HQFRXQWHUHG
WKH FXUUHQW WUDFHVRIDU LV UHSOLFDWHG DV PDQ\ WLPHV DV WKHUH DUH GLIIHUHQW SRVVLEOH FKRLFHV D
GLIIHUHQW FKRLFH LV DOORFDWHG WR HDFK FRS\ DQG WKH SURFHGXUH LV FRQWLQXHG IRU HDFK UHVXOWLQJ
WUDFHVRIDU :KHQHYHU D 7(50,1$7( LV HQFRXQWHUHG WKH FXUUHQW WUDFHVRIDU LV FRPSOHWH DQG
LV DGGHG WR WKH VHPDQWLFV S  RIM  :KHQHYHU DQ $%257 LV HQFRXQWHUHG WKH FXUUHQW WUDFHVR
IDU LV DEDQGRQHG DQG HOLPLQDWHG IURP S  ,I D 92,' LV HQFRXQWHUHG WKH VHPDQWLFV LV 92,'

7KH FRQVWUXFWLRQ RI V\VWHP WUDFHV LV DV IROORZV
>@ /HW η =  ZKHUH η LV D PHWDOHYHO YDULDEOH
>@ $VVXPLQJ WKH ,1,7,$/,6$7,21 LV IHDVLEOH &+226( DQ LQLWLDO DVVLJQPHQW WR DOO YDULDEOHV VDWLVI\
LQJ DOO WKH LQYDULDQWV RIM  WKHUHE\ LQWHUSUHWLQJ WKHLU YDOXHV DW WLPH W 2WKHUZLVH 92,'
>@ ,I DQ\ QRQ,1,7,$/,6$7,21 PRGH HYHQW WKDW GRHV QRW KDYH DQ\ LQSXWV EXW ZKLFK PD\ KDYH ORFDO
SDUDPHWHUV RU RXWSXWV LV HQDEOHG ZKHQ WKH VWDWH YDULDEOHV KDYH WKH YDOXHV DW Wη DQG HQDEOLQJ YDOXHV
H[LVW IRU WKH ORFDO YDULDEOHV WKHQ $%257
>@ :LWK WKH VWDWH YDULDEOHV KDYLQJ WKH YDOXHV DW Wη &+226( DQ HQDEOHG SOLDQW HYHQW 3OL(Y SURYLGHG
WKHUH LV RQH HOVH $%257
>@ &RQVLGHULQJ DOO RFFXUUHQFHV RI GLIIHUHQWLDO HTXDWLRQV DQG GLUHFW DVVLJQPHQWV LQ WKH 62/9(
FODXVH RI 3OL(Y LI DQ\ SOLDQW YDULDEOH SOL DSSHDUV LQ WKH OHIW KDQG VLGH RI PRUH WKDQ RQH
RFFXUUHQFH WKHQ $%257
>@ ,I WKHUH GRHV QRW H[LVW D W0$; > Wη VXFK WKDW WKHUH LV D VLPXOWDQHRXV SLHFHZLVH DEVROXWHO\ FRQWLQXRXV
VROXWLRQ RI DOO WKH GLIIHUHQWLDO HTXDWLRQV DQG GLUHFW DVVLJQPHQWV LQ WKH 62/9( FODXVH RI 3OL(Y LQ
WKH OHIWFORVHG ULJKWRSHQ LQWHUYDO [Wη . . . W0$;) XVLQJ VWDWH YDULDEOH YDOXHV DW Wη DV LQLWLDO YDOXHV
ZLWK WKHVH LQLWLDO YDOXHV UHTXLUHG WR VDWLVI\ WKH ,1,7 DQG :+(5( JXDUGV RI 3OL(Y DQG ZLWK LQSXWV
DQG ORFDO SDUDPHWHUV ZKHUH QHHGHG VXFK WKDW WKH %'$SUHG LQFOXGLQJ DQ\ LPSOLFLW ,19$5,$176
FRQVWUDLQW LQ WKH &203/< FODXVH RI 3OL(Y LQ WKH LQWHUYDO (Wη . . . W0$;) LV VDWLVI HG WKHQ $%257
1 % 7KH SURFHVV LV QRW LQWHQGHG WR EH DQ H[HFXWDEOH VHTXHQWLDO SURFHGXUH $OO WUDFHVVRIDU DUH LQWHQGHG WR EH H[SORUHG
VLPXOWDQHRXVO\ DQG WR FRPSOHWLRQ HYHQ LI FRPSOHWLRQ LQYROYHV DQ LQI QLWH DPRXQW RI WLPH IRU D QRQWHUPLQDWLQJ V\VWHP WUDFH

>@ 2WKHUZLVH &+226( D VLPXOWDQHRXV VROXWLRQ DV LQ >@ OHW W0$; EH PD[LPDO VXFK WKDW WKH SURSHUWLHV
LQ >@ KROG DQG XVH WKH VROXWLRQ WR DVVLJQ WKH YDOXHV RI DOO SOLDQW YDULDEOHV DQG RXWSXWV LQ WKH
LQWHUYDO [Wη . . . W0$;)
>@ )RU HYHU\ PRGH YDULDEOH H[WHQG LWV YDOXH DW Wη WR D FRQVWDQW IXQFWLRQ LQ WKH LQWHUYDO [Wη . . . W0$;)
>@ ,I QR QRQ,1,7,$/,6$7,21 PRGH HYHQW LV HQDEOHG E\ WKH YDOXHV RI WKH VWDWH YDULDEOHV DW DQ\ WLPH
W1(;7 LQ WKH RSHQ LQWHUYDO (Wη . . . W0$;) LQFOXGLQJ OHIWOLPLW DW W0$; LWVHOI WRJHWKHU ZLWK D FKRLFH
RI YDOXHV IRU LQSXWV DQG ORFDO SDUDPHWHUV WKHQ LI WKH LQYDULDQWV RI M DUH QRW VDWLVI HG LQ WKH RSHQ
LQWHUYDO (Wη . . . W0$;) WKHQ $%257 2WKHUZLVH 7(50,1$7(
>@ &+226( Wη+ > Wη VXFK WKDW HLWKHU Wη+ LV WKH HDUOLHVW WLPH DW ZKLFK D QRQ,1,7,$/,6$7,21 PRGH
HYHQW ZLWKRXW LQSXWV EXW SRWHQWLDOO\ KDYLQJ VXLWDEO\ FKRVHQ ORFDO SDUDPHWHUV LV HQDEOHG DFFRUGLQJ
WR WKH FULWHULD LQ >@ RU D QRQ,1,7,$/,6$7,21 PRGH HYHQW KDYLQJ LQSXWV LV HQDEOHG ZLWK D
VXLWDEOH FKRLFH RI LQSXWV DQG ORFDO SDUDPHWHUV DFFRUGLQJ WR WKH FULWHULD LQ >@ DW Wη+ DQG WKHUH LV
QR QRQ,1,7,$/,6$7,21 PRGH HYHQW ZLWKRXW LQSXWV WKDW LV HQDEOHG DFFRUGLQJ WR WKH FULWHULD LQ >@
DW DQ\ WLPH EHWZHHQ Wη DQG Wη+
>@ ,I WKH LQYDULDQWV DUH QRW VDWLVI HG LQ WKH RSHQ LQWHUYDO (Wη . . . Wη+) WKHQ $%257
>@ /HW η  η+
>@ /HW 0R(YV EH WKH VHW RI QRQ,1,7,$/,6$7,21 PRGH HYHQWV WKDW DUH HQDEOHG ZKHQ DOO VWDWH
YDULDEOHV YDU DUH LQWHUSUHWHG DV WKHLU YDOXHV YDU(Wη) DW Wη RU WKHLU OHIWOLPLW YDOXHV
−−−−→
YDU(Wη) DW
Wη LI Wη = W0$; DQG VXLWDEOH YDOXHV DUH FKRVHQ IRU LQSXWV DQG ORFDO SDUDPHWHUV ZKHUH QHHGHG
>@ &+226( DQ HQDEOHG HYHQW IURP 0R(YV DQG DQ DVVLJQPHQW WR DOO VWDWH YDULDEOHV DQG RXWSXWV
DFFRUGLQJ WR LWV %$SUHG VXFK WKDW DOO WKH LQYDULDQWV RIM DUH VDWLVI HG WKHUHE\ UHLQWHUSUHWLQJ
WKRVH YDULDEOH YDOXHV DW WLPH Wη 2WKHUZLVH $%257
>@ )RU DQ\ RWKHU VWDWH YDULDEOH YDU ZLWKRXW D YDOXH DW Wη LQWHUSUHW LWV YDOXH DW Wη DV LWV OHIWOLPLW
DW Wη LH DV
−−−−→
YDU(Wη) SURYLGHG WKLV LV I QLWH 2WKHUZLVH $%257
>@ 'LVFDUG WKH LQWHUSUHWDWLRQ RI DOO VWDWH YDULDEOHV LQ WKH RSHQ LQWHUYDO (Wη . . . W0$;) ZKHUH W0$;
LV WKH YDOXH GHWHUPLQHG LQ >@ ,I Wη = W0$; WKHQ WKH LQWHUYDO LV HPSW\
>@ *RWR >@
5HJDUGLQJ WKH VRXQGQHVV RI WKH DERYH FRQVWUXFWLRQ VLQFH ZH FDQ WDNH VRPH EDVLF WKLQJV OLNH PRGH
HYHQW XSGDWH VHPDQWLFV DQG WKH VHPDQWLFV RI WKH H[LVWHQFH RI VROXWLRQV WR GLIIHUHQWLDO HTXDWLRQV IRU
JUDQWHG WKH NH\ UHPDLQLQJ LVVXH LV ZKHWKHU WKH KDQGRYHU IURP SOLDQW WR PRGH WUDQVLWLRQV DQG IURP
PRGH WR SOLDQW WUDQVLWLRQV LV ZHOO GHI QHG
:H REVHUYH WKDW WKH KDQGRYHU IURP SOLDQW WR PRGH WUDQVLWLRQV LV WURXEOHIUHH DV IROORZV &RQVLGHU
I UVW PRGH HYHQWV ZLWKRXW LQSXWV 6LQFH WKH VHW RI YDOXHV DW ZKLFK WKH :+(5( JXDUG RI DQ\ VXFK PRGH
HYHQW LV LQWHUSUHWHG LV FORVHG E\  WKHQ WKLV VHW ZLWK GHSHQGHQFH RQ ORFDO SDUDPHWHUV H[LVWHQWLDOO\
TXDQWLI HG DZD\ LV DOVR FORVHG 7KHQ VLQFH WKH V\VWHP WUDMHFWRU\ LV D SLHFHZLVH FRQWLQXRXV IXQFWLRQ
GXULQJ DQ\ LQWHUYDO LQ ZKLFK D SOLDQW UXOH LV DFWLYH LI WKH V\VWHP WUDMHFWRU\ PHHWV WKH TXDQWLI HG FORVXUH
DW DOO GXULQJ VXFK DQ LQWHUYDO LW I UVW PHHWV LW DW VRPH VSHFLI F WLPH SRLQW 7KLV KDSSHQV UHJDUGOHVV RI
ZKHWKHU WKH WLPH SRLQW RFFXUV LQ WKH LQWHULRU RI WKH LQWHUYDO RU DW LWV HQG DQG WDNHV LQWR DFFRXQW RXU
HDUOLHU GLVFXVVLRQ RI GLVFRQWLQXLWLHV ,Q ERWK RI WKHVH FDVHV WKH WLPH Wη+ ZLOO EH VWULFWO\ JUHDWHU WKDQ Wη
VLQFH WKH WHVW LQ >@ KDV HDUOLHU EHHQ SDVVHG E\ DVVXPSWLRQ 6LQFH WKHUH DUH RQO\ I QLWHO\ PDQ\ UXOHV WKH
PLQLPXP RI VXFK WLPH SRLQWV DFURVV DOO RI WKH UXOHV WR ZKLFK WKHVH FRQVLGHUDWLRQV DSSO\ LV D XQLTXH ZHOO
GHI QHG WLPH SRLQW Wη+ > Wη DW ZKLFK WKH SOLDQW WUDQVLWLRQ LV WR EH SUHHPSWHG ² LI LW LV WR EH SUHHPSWHG
E\ D PRGH HYHQW ZLWKRXW LQSXWV
6HFRQGO\ FRQVLGHU PRGH HYHQWV ZLWK LQSXWV 3RLQW >@ VWLSXODWHV WKDW Wη+ LV WR EH FKRVHQ VR WKDW
Wη+ > Wη LV VDWLVI HG LQ OLQH ZLWK UHPDUNV LQ 6HFWLRQ  7KXV HYHQ WKRXJK D PRGH HYHQW ZLWK LQSXWV

FDQ KDYH LWV :+(5( JXDUG VDWLVI HG E\ VWDWH YDULDEOH YDOXHV SOXV LQSXWV DQG ORFDO SDUDPHWHUV DW WLPH
Wη VLQFH VXFK D VLWXDWLRQ LV H[FOXGHG IURP FDXVLQJ DQ $%257 LQ >@ LQ >@ Wη LV QHYHU VHOHFWHG DV
SUHHPSWLRQ SRLQW $SDUW IURP WKLV PRGH HYHQWV ZLWK LQSXWV FDQ FDXVH WKH VHOHFWLRQ RI SUHHPSWLRQ SRLQW
DW DQ\ WLPH DW ZKLFK WKHLU :+(5( JXDUG LV VDWLVI DEOH SURYLGHG WKLV LV QRW ODWHU WKDQ D SUHHPSWLRQ SRLQW
WKDW FRXOG EH VHOHFWHG DFFRUGLQJ WR WKH I UVW FDVH :LWK D SUHHPSWLRQ SRLQW VHOHFWHG D FRQVLVWHQW VHW RI
PRGH XSGDWHV FDQ EH GHULYHG E\ >@ >@ >@
1RWH WKH FDUHIXO ZRUGLQJ LQ >@ ,I D PDFKLQH KDV D PRGH HYHQW ZLWKRXW LQSXWV 0R(Y; VD\
HQDEOHG DW Wη WKHQ WKH PDFKLQH KDV WR H[HFXWH VRPH PRGH HYHQW DW Wη WR FRPSO\ ZLWK WKH UHPDUNV LQ
6HFWLRQ  EXW WKH HYHQW GRHV QRW KDYH WR EH 0R(Y; 7KH VDPH GRHV QRW DSSO\ WR PRGH HYHQWV ZLWK
LQSXWV WKDW ZRXOG EH HQDEOHG DW Wη LI LQSXWV ZHUH VXSSOLHG 7KH VHPDQWLFV KDV WKH RSWLRQ RI VLPSO\ QRW
VXSSO\LQJ WKH UHTXLUHG LQSXWV DW Wη
:H DUJXH WKDW WKH KDQGRYHU IURP PRGH WR SOLDQW WUDQVLWLRQV LV DOVR FRQVLVWHQW 8SRQ FRPSOHWLRQ RI
D PRGH WUDQVLWLRQ VRPH SOLDQW HYHQWV ZLOO W\SLFDOO\ EH HQDEOHG >@ UHTXLUHG WR EH XQDPELJXRXV DQG
FRQVLVWHQW E\ >@ 2QH FDQ WKHQ EH VHOHFWHG WR UXQ >@ >@ LQ DQ HQVXLQJ QRQHPSW\ LQWHUYDO
:LWK VXLWDEOH DWWHQWLRQ WR URXWLQH GHWDLOV WKH DERYH UHPDUNV FDQ EH WXUQHG LQWR D IRUPDO SURRI RI WKH
FRQVLVWHQF\ RI WKH GHI QLWLRQ RI V\VWHP WUDFHV 7KH DOWHUQDWLRQ EHWZHHQ PRGH DQG SOLDQW WUDQVLWLRQV LV D
VWUXFWXUDO IHDWXUH WKDW FDQ EH SROLFHG E\ SURRI REOLJDWLRQV WKDW HQIRUFH D VWDWLF YHUVLRQ RI WKHVH FRQVWUDLQWV
7KHVH QHZ 32V VSHFLI F WR +\EULG (YHQW% DUH JLYHQ LQ  DQG 
:H REVHUYH WKDW IRU SOLDQW WUDQVLWLRQV WKH LQYDULDQWV DUH FKHFNHG RQO\ DIWHU WKHLU HQGSRLQW KDV EHHQ
GHWHUPLQHG LQ OLQH ZLWK UHPDUNV LQ 6HFWLRQ  2QO\ WKH RSHQ LQWHUYDO (Wη . . . Wη+) QHHGV WR EH FKHFNHG
VLQFH YDULDEOH YDOXHV DW Wη DUH FRQI UPHG WR VDWLVI\ WKH LQYDULDQWV GXULQJ WKH SUHFHGLQJ PRGH HYHQW
7KH DERYH VHPDQWLFV DOWKRXJK IRU D VLQJOH PDFKLQH LV VWLOO DQ RSHQ VHPDQWLFV LQ WKDW RXWSXWV DUH
GHOLYHUHG WR WKH HQYLURQPHQW DQG LQSXWV DUH DFFHSWHG IURP WKH HQYLURQPHQW SURYLGHG WKH\ DUH SLHFHZLVH
DEVROXWHO\ FRQWLQXRXV 6XFK LQSXWV PLJKW EH SURGXFHG E\ VRPH RWKHU +\EULG (YHQW% PDFKLQH RXWVLGH
WKH GLVFRXUVH DQG VSHFLI FDOO\ PLJKW WKHPVHOYHV KDYH LVRODWHG GLVFRQWLQXLWLHV +RZHYHU RXU LQWHUSUHWD
WLRQ RI GLUHFW DVVLJQPHQW DQG XVH RI WKH &DUDWKHRGRU\ LQWHUSUHWDWLRQ RI GLIIHUHQWLDO HTXDWLRQV HQVXUHV WKDW
D ZHOO GHI QHG PHDQLQJ LV DYDLODEOH
'HI QLWLRQ  $ +\EULG (YHQW% PDFKLQHM LV VDLG WR EH QRQYRLG LII LWV VHPDQWLFV LV QRW 92,' LH LWV
VHW RI V\VWHP WUDFHV S = ∅ ,W LV VDLG WR EH FRUUHFW LII LW LV QRQYRLG DQG DOVR GXULQJ WKH FRQVWUXFWLRQ RI
LWV VHPDQWLFV QR $%257 LV HYHU HQFRXQWHUHG
 5HI QHPHQW
,W LV GHVLUDEOH WKDW DV IDU DV SRVVLEOH +\EULG (YHQW% UHI QHPHQW VKRXOG DGG WR UDWKHU WKDQ PRGLI\
WKH H[LVWLQJ QRWLRQ RI UHI QHPHQW LQ GLVFUHWH (YHQW% 6HHNLQJ WR IXOI O WKLV DLP UHVWULFWV WKH GHVLJQ RI
+\EULG (YHQW% UHI QHPHQW TXLWH VHYHUHO\ 7KLV KDV WKH EHQHI W RI OLPLWLQJ WKH FRPSOH[LW\ RI WKH 32V WKDW
FDSWXUH WKH QHZ QRWLRQ PDNLQJ LW PRUH SUDFWLFDEOH DQG XVHIXO
:H EDVH RXU GHVLJQ RQ WZR SULQFLSDO DVVXPSWLRQV )LUVWO\ ZH DVVXPH WKDW LQ GLVFUHWH (YHQW% WKH
HYHQWV WDNH SODFH DW UHDO ZRUOG WLPHV DSSURSULDWH WR WKH DSSOLFDWLRQ FRQWH[W 6HFRQGO\ ZH DVVXPH WKDW
LQ UHI QLQJ DQ DEVWUDFW PRGHO $ WR D FRQFUHWH PRGHO & WKH DSSOLFDWLRQ FRQWH[W UHPDLQV WKH VDPH DQG WKH
WLPLQJV RI WKRVH & HYHQWV WKDW DUH UHI QHPHQWV RI $ HYHQWV UHPDLQ XQDOWHUHG 7KHUHIRUH LI WKH UHI QHPHQW
WR & LQWURGXFHG QHZ HYHQWV WKH WLPLQJV RI RFFXUUHQFHV RI WKHVH ZLOO LQWHUOHDYH WKH WLPLQJV RI RFFXUUHQFHV
RI WKH HYHQWV LQKHULWHG IURP $
7KLV LV LQGHHG DQ DVVXPSWLRQ ,Q GLVFUHWH WUDQVLWLRQ V\VWHPV WKH RFFXUUHQFH RI DQ HYHQW LQVWDQWO\ HQDEOHV DQ\ VXFFHVVRU
7KDW WKLV VXFFHVVRU GRHV QRW UXQ LPPHGLDWHO\ LV DQ LQWHUSUHWDWLRQ WKDW LV LPSRVHG IURP RXWVLGH WKH IRUPDO IUDPHZRUN

In Hybrid Event-B ref nement we assume that time f ows at the same rate in both the abstract and
concrete systems. Consequently, the times at which abstract states and concrete states should be com-
pared, in relations like the joint invariant, should be the same. Thus, relations like the joint invariant, will
be required to hold at all individual times. On this basis, the coincidence of the times at which abstract
and corresponding concrete mode events are deemed to occur becomes derivable in Hybrid Event-B.
Thus, suppose a mode event MoEvA becomes enabled in A. Then, by relative deadlock freedom for
mode events, some concrete mode event MoEvC becomes enabled in C. Since the times at which the
abstract and concrete states being compared in the relative deadlock freedom PO are the same, the times
at which MoEvC and MoEvA become enabled are the same. Conversely, suppose a mode event MoEvC
becomes enabled in C. Then MoEvC is either an ‘old’ event or a ‘new’ event. If it is an old event, then
using guard strengthening for mode events, some abstract eventMoEvA simultaneously becomes enabled
in A. If it is a new event, a ‘notional skip’ is enabled. However, the concept of ‘notional skip’ acquires,
in Hybrid Event-B, additional connotations, not present in discrete Event-B.
In discrete Event-B, it makes no difference whether we view a ‘notional skip’ as actually running or
not. The point is that when an event executes (in general, changing the machine state), a choice point is
generated for the scheduler to select the next enabled event to run. However, if the event that ran was a
skip, the choices available remain the same as before, since the state has not changed. So running or not
running a skip event has no inf uence on the scheduler.
In Hybrid Event-B though, in between the mode transitions, pliant transitions run. Now, it makes a
difference whether we view a notional skip as actually executing or not. If it executes, then fresh choices
may become available to the scheduler, since the pliant transition preceding the skip will have changed
the state. This would be an unwelcome complication. Therefore, we determine that in Hybrid Event-B,
notional skips do not introduce scheduling choice points.
We illustrate the above in a schematic example. Fig.4 shows a fragment of the ref nement of an
abstract run. Time goes left to right. The narrowly spaced vertical bars represent mode events, taking
place instantaneously. The horizontal lines represent the pliant events that interleave them, having non-
zero durations. At the abstract level we have the events MoEvA1, PLiEvA1, MoEvA2, PliEvA2, MoEvA3.
The mode events are ref ned by concrete mode events MoEvC1, MoEvC2, MoEvC3. Between MoEvC1
andMoEvC2 there is pliant event PLiEvC1 which ref nes PLiEvA1. By the argument above,MoEvA1 and
MoEvC1 are simultaneous, as are MoEvA2 and MoEvC2, and noting that mode transitions both enable
and preempt pliant transitions, we conclude that the durations of PLiEvC1 and PLiEvA1 are the same.
In between MoEvC2 and MoEvC3, there are some ‘new’ concrete mode events, MoEvC2,1 and
MoEvC2,2, and interleaving these, are shorter pliant events PliEvC2,1, PliEvC2,2 and PliEvC2,3. The
sequence PliEvC2,1, MoEvC2,1, PliEvC2,2, MoEvC2,2, PliEvC2,3 ref nes PliEvA2 — if we take due ac-
count of the ‘notional skips’ that are needed to abstract MoEvC2,1 and MoEvC2,2, indicated by the heav-
ier strokes through the PliEvA2 timeline. Overall, the duration of the sequence PliEvC2,1, MoEvC2,1,
PliEvC2,2, MoEvC2,2, PliEvC2,3, equals that of PliEvA2 because MoEvA2 and MoEvA3 f x the endpoints
via their ref nements MoEvC2 and MoEvC3. In general, the time period during which an abstract pliant
transition runs must consist of one or more concrete pliant event durations, as Fig. 4 shows.
Hybrid Event-B needs proof obligations to guarantee the behaviour just described, while disturbing
discrete Event-B as little as possible. It turns out that we can deal with mode events essentially as
in discrete Event-B, for which the POs are standard. The only remaining point concerns variants and
convergence, to which we return below.
Regarding pliant transitions, an abstract pliant transition starts at the same moment as a ref ning con-
crete pliant transition. This requires pliant guard strengthening, which works like mode guard strength-
ening. Thus, if the abstract and concrete invariants hold, and the concrete pliant INIT and WHERE
guards hold, then so too must the abstract pliant INIT and WHERE guards. The formal PO is (31).
After guard strengthening comes invariant preservation. Since we demand that invariants are true at
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MoEvA1 MoEvA2 MoEvA3
MoEvC1 MoEvC2 MoEvC3
MoEvC2.1 MoEvC2.2
PliEvA1
PliEvA2
PliEvC1
PliEvC2.1
PliEvC2.2
PliEvC2.3
Figure 4: Typical phenomena observed during the ref nement of some abstract transitions. The progress of time is correlated in
the abstract and concrete systems, implying that the endpoints of abstract and concrete coincide.
all times, if the invariants and concrete guards are all true initially, then for the common duration of both
pliant events, the concrete BDApred and the predicate SOLPliEvC that def nes the concrete solution19 im-
ply the existence of abstract states and parameters that cause the abstract BDApred and solution predicate
SOLPliEvA to hold. See (32) for the formal details. This covers cases in which the concrete pliant event
ref nes an abstract one.
The remaining case is when a concrete pliant transition is an instance of a ‘new’ concrete pliant event,
and occurs after a ‘new’ concrete mode event (the latter ref ning a ‘notional abstract skip’), for example
PliEvC2.2 in Fig. 4. The point here is that the new mode transition (and its following pliant transition)
run while some abstract pliant transition is also running and continually changing the abstract state, a
situation absent from discrete Event-B due to piecewise constant behaviour.
The new concrete mode event is unproblematic. Its guard strengthens the true guard of an abstract
notional skip, and the discrete Event-B invariant preservation PO for new mode events works as required,
since all the invariants are true by assumption in its before-state, hence easy to re-verify in the after-state.
We turn to the new concrete pliant events. These are trickier due to the continuously changing
abstract state in a period preceding the new concrete pliant transition. This aspect makes a comparison
between the new concrete pliant event’s guards (at the moment it starts) and the guards of the abstract
event it ref nes (which started earlier), much more questionable.
It was for this reason we split pliant events’ guards into two: the INIT guard, involving pliant vari-
ables and combinations of pliant and mode variables, and the WHERE guard, permitted to involve mode
variables alone. The mode variables in the WHERE guard of the abstract pliant event being ref ned by
a new concrete pliant event, have piecewise constant trajectories which do not change throughout any
transition def ned by the abstract pliant event, no matter how many new concrete pliant events contribute
to the ref nement. Therefore, it is reasonable to construct a guard strengthening PO for new concrete
pliant events that refers just to the WHERE guard variables. Syntactically, we indicate the alternative
guard strengthening tactic via a new event status ‘pliant convergent’.
Invariant preservation is the same for old concrete pliant events and for new ones. In both cases, the
concrete event has to name the abstract event it ref nes, since both the abstract and concrete behaviours
19SOLPliEvC is the formal name of the transition relation Q discussed in Section 4.9.
20
MACHINE AMch
. . .
PLIANT u
VARIABLES x
INVARIANTS I(u,x)
. . .
EVENTS
INITIALISATION
. . .
MoEvA1
STATUS ordinary
. . .
PliEvA1
STATUS pliant
. . .
MoEvA2
STATUS ordinary
. . .
PliEvA2
STATUS pliant
. . .
MoEvA3
STATUS ordinary
. . .
END
MACHINE AMchR
REFINES AMch
. . .
PLIANT w
VARIABLES y
INVARIANTS K(u,x,w,y)
. . .
EVENTS
INITIALISATION
. . .
MoEvC1
REFINES MoEvA1
STATUS ordinary
. . .
PliEvC1
REFINES PliEvA1
STATUS pliant
. . .
MoEvC2
REFINES MoEvA2
STATUS ordinary
. . .
PliEvC2.1
REFINES PliEvA2
STATUS pliant
. . .
MoEvC2.1
STATUS convergent
. . .
PliEvC2.2
REFINES PliEvA2
STATUS pliant convergent
. . .
MoEvC2.2
STATUS convergent
. . .
PliEvC2.3
REFINES PliEvA2
STATUS pliant convergent
. . .
MoEvC3
REFINES MoEvA3
STATUS ordinary
. . .
END
Figure 5: Syntax for expressing a machine and its ref nement, a fragment of whose behaviour is shown in Fig. 4.
are non-trivial. Moreover the abstract guard, which causes the problems just addressed, does not f gure
in the PO, the formal expression for which is (32).
Next is relative deadlock freedom. If, in a given abstract state, some abstract event is enabled, then
viewed through the abstract and joint invariants, a corresponding concrete state should enable some
concrete event. The requirements are the same for mode and pliant events, expressed in the POs (35) and
(36), two individual POs to maintain the separation between mode and pliant aspects.
The f nal topic in this section is convergence and variants. Suppose that discrete convergence holds
for new mode events via a variant V def ned on a well-founded set. This gives us relative non-Zenoness;
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LI WKH DEVWUDFW V\VWHP LV =HQRIUHH WKHQ WKH FRQFUHWH V\VWHP FDQQRW KDYH D =HQR SRLQW DW DQ\ I QLWH WLPH
1RZ VXSSRVH DOO FRQFUHWH SOLDQW HYHQWV ODVW IRU DW OHDVW δ=HQR,& 6XSSRVH D FRQFUHWH UXQ FRQWDLQV
DQ XQERXQGHG VHTXHQFH RI QHZ SOLDQW WUDQVLWLRQV UHI QLQJ D VLQJOH DEVWUDFW SOLDQW WUDQVLWLRQ 7ZR IDFWV
IROORZ )LUVWO\ WKH XQERXQGHG VHTXHQFH PXVW RFFXU DW WKH HQG RI WKH UXQ 6HFRQGO\ WKH RFFXUUHQFHV RI
WKH QHZ SOLDQW WUDQVLWLRQV PXVW EH LQWHUOHDYHG ZLWK RFFXUUHQFHV RI QHZ PRGH WUDQVLWLRQV RQO\ VLQFH LI
QRW DQ ROG FRQFUHWH PRGH WUDQVLWLRQ ZRXOG UHI QH DQ ROG DEVWUDFW PRGH WUDQVLWLRQ ZKLFK ZRXOG SUHHPSW
WKH VLQJOH DEVWUDFW SOLDQW WUDQVLWLRQ D FRQWUDGLFWLRQ
/LNHZLVH VXSSRVH D FRQFUHWH UXQ FRQWDLQV DQ XQERXQGHG VHTXHQFH RI QHZ PRGH WUDQVLWLRQV SDUW
RI WKH UHI QHPHQW RI D VLQJOH DEVWUDFW SOLDQW WUDQVLWLRQ 7KH QHZ PRGH WUDQVLWLRQV PXVW EH LQWHUOHDYHG
ZLWK QHZ SOLDQW WUDQVLWLRQV RQO\ VLQFH LI QRW DQ ROG SOLDQW WUDQVLWLRQ ZRXOG UHI QH DQ ROG DEVWUDFW SOLDQW
WUDQVLWLRQ LPSO\LQJ WKH RULJLQDO VLQJOH DEVWUDFW SOLDQW WUDQVLWLRQ ZDV SUHHPSWHG D FRQWUDGLFWLRQ
7KH DERYH VKRZV WZR WKLQJV 7KH I UVW LV WKDW WDFNOLQJ =HQR SURSHUWLHV LV PRVW SURI WDEO\ GRQH DW
WKH PRVW DEVWUDFW OHYHO SRVVLEOH VLQFH ORZHU OHYHO PRGHOV PD\ WKHQ LQKHULW UHODWLYH =HQRIUHHGRP 7KH
VHFRQG LV WKDW ZLWK QRQ=HQRQHVV LQ ERWK PRGHOV FRQFUHWH GLYHUJHQFH WDNHV XQERXQGHG WLPH DQG LPSOLHV
DQ XQERXQGHG DEVWUDFW SOLDQW WUDQVLWLRQ DW WKH HQG RI WKH UXQ 7KLV LV LQ OLQH ZLWK FRQYHQWLRQDO YLHZV RI
GLYHUJHQFH WKURXJK UHI QHPHQW
7KXV FRQYHUJHQFH LQ WKH PRGH HYHQW DQG SOLDQW HYHQW UHJLPHV RI +\EULG (YHQW% DUH FORVHO\ FRQ
QHFWHG ,Q SUDFWLFH LW LV VWLOO RIWHQ HDVLHVW WR DGGUHVV FRQYHUJHQFH LQ WKH GLVFUHWH UHJLPH VLQFH LW DYRLGV
SRWHQWLDO SUREOHPV DURXQG DV\PSWRWLF DSSURDFK WR FRQYHUJHQFH LQ WKH SOLDQW UHJLPH
,Q )LJ  ZH JLYH WKH UHOHYDQW V\QWDFWLF GHWDLOV WKDW FRQQHFW WKH V\QWDFWLF GHVFULSWLRQV RI WKH YDULRXV
HYHQWV LQ )LJ  WKDW ZH GLVFXVVHG DERYH 7KHVH DUH VXII FLHQW WR HQDEOH D WRRO WR JHQHUDWH WKH UHTXLUHG
32V LQ WKH FRUUHFW IRUP
'HI QLWLRQ  $ +\EULG (YHQW% PDFKLQH M 5 FRUUHFWO\ UHI QHV D +\EULG (YHQW% PDFKLQH M LII IRU
HYHU\ V\VWHP WUDFH 65 RIM 5 WKHUH LV D V\VWHP WUDFH 6 RIM VXFK WKDW
L ,I 65 RFFXSLHV WKH WLPH LQWHUYDO [W . . . W),15) WKHQ 6 RFFXSLHV D WLPH LQWHUYDO [W . . . W),1) ZKHUH
W),15 ≤ W),1
LL )RU HDFK W LQ [W . . . W),15) DOO WKH LQYDULDQWV KROG
LLL $W HDFK RFFXUUHQFH RI D PRGH HYHQW LQ 6 WKHUH LV DQ RFFXUUHQFH RI D PRGH HYHQW LQ 65
 3URRI 2EOLJDWLRQV
,Q WKLV VHFWLRQ ZH JDWKHU WRJHWKHU WKH SURRI REOLJDWLRQV GLVFXVVHG DERYH 2I FRXUVH WKH PDLQ SXUSRVH
RI WKH 32V LV WR JLYH D VWDWLF JXDUDQWHH RI FRUUHFWQHVV DQG ZH WXUQ WR WKLV DVSHFW DW WKH HQG RI WKH VHFWLRQ
)RU FODULW\ EHORZ ZKHQ GHDOLQJ ZLWK PRGH HYHQWV YLHZHG DV WDNLQJ SODFH LQVWDQWDQHRXVO\ ZH ZULWH
MXVW WKH YDULDEOH QDPHV LQYROYHG HJ X :KHQ GHDOLQJ ZLWK SOLDQW HYHQWV YLHZHG DV GHI QLQJ WLPH
LQGH[HG IDPLOLHV RI EHIRUHDIWHU SDLUV RI VWDWHV ZH LQGLFDWH WLPH GHSHQGHQFH H[SOLFLWO\ :HZULWH HJ X(W)
ZKLOH QRW H[FOXGLQJ RWKHU IRUPV RI WLPH GHSHQGHQFH HJ X(W− ) SURYLGHG WKHLU XVH \LHOGV SLHFHZLVH
DEVROXWHO\ FRQWLQXRXV EHKDYLRXUV )LUVW ZH VXPPDULVH WKH QHZ VWDWXV WDJV LQWURGXFHG HDUOLHU
 1HZ 67$786 7DJV
)RU HDVH RI UHIHUHQFH ZH VXPPDULVH WKH YDULRXV DGGLWLRQDO VWDWXV WDJV LQWURGXFHG WKURXJK WKH FRXUVH
RI WKH SDSHU WR LQGLFDWH YDULRXV DWWULEXWHV RI SOLDQW HYHQWV
7DJ 5HPDUNV 
SOLDQW DQ µRUGLQDU\¶ SOLDQW HYHQW
SOLDQW FRQYHUJHQW D µQHZ¶ SOLDQW HYHQW RI D UHI QHPHQW
SOLDQW I QDO D I QDO SOLDQW HYHQW WKDW GRHV QRW QHHG WR HQDEOH DQ\ PRGH HYHQW

 &RQWH[WV
&RQWH[WV GHI QH WKH VWDWLF PDWKHPDWLFDO DSSDUDWXV ZLWK ZKLFK PDFKLQHV DUH VSHFLI HG &RQWH[WV FDQ
EH H[WHQGHG DV LQ GLVFUHWH (YHQW% ZKLFK LPSOLHV WKDW DQ\ D[LRPV DVVXPHG LQ DQ DEVWUDFW FRQWH[W PXVW
EH SURYHG WR VWLOO KROG LQ WKH LQVWDQWLDWLRQ SURYLGHG E\ WKH H[WHQVLRQ 7KXV LI 6WDW$ FRQWDLQV WKH VWDWLF
GHI QLWLRQV RI D FRQWH[W &RQ$ FRQWDLQLQJ D[LRPV $[LRPV$ DQG 6WDW( FRQWDLQV WKH VWDWLF GHI QLWLRQV RI D
FRQWH[W &RQ( ZKLFK H[WHQGV 6WDW$ FRQWDLQLQJ D[LRPV $[LRPV( WKH IROORZLQJ 32 PXVW KROG
6WDW$ ∧ 6WDW( ∧ $[LRPV(⇒ $[LRPV$ 
 0DFKLQH ,QLWLDOLVDWLRQ 32V
)RU D PDFKLQH $ ZLWK YDULDEOHV X LQLWLDOLVDWLRQ HYHQW ,QLW$ DQG LQYDULDQW , WR EH ZHOO GHI QHG WKH
LQLWLDOLVDWLRQ 32 KDV WR I UVW RI DOO EH IHDVLEOH
∃X′ • ,QLW$(X′) 
VR DW OHDVW RQH LQLWLDO VWDWH H[LVWV $OVR DQ\ LQLWLDO VWDWH KDV WR HVWDEOLVK WKH LQYDULDQWV
,QLW$(X′)⇒ ,(X′) 
3ULPHV DUH XVHG LQ  DQG  VLQFH LQLWLDOLVDWLRQ LV UHJDUGHG DV D NLQG RI HYHQW LQ (YHQW%
 0DFKLQH &RQVLVWHQF\ 32V
0DFKLQH FRQVLVWHQF\ EHJLQV ZLWK IHDVLELOLW\ 32V IRU ERWK PRGH DQG SOLDQW HYHQWV )RU D PRGH HYHQW
0R(Y$ ZLWK VWDWH YDULDEOHV X SDUDPHWHUV L", O,R DQG JXDUG JUG0R(Y$ JLYHQ LQYDULDQWV , DQG ZLWK EHIRUH
DIWHUSUHGLFDWH %$SUHG0R(Y$(X, L", O,R,X′) WKH 32 UHDGV
,(X) ∧ JUG0R(Y$(X, L", O) ⇒ (∃X′,R•%$SUHG0R(Y$(X, L", O,R,X′)) 
1RWH WKDW LQ  ZH GR QRW XVH WKH WRSRORJLFDO FORVXUH RI WKH VWDWH VSDFH UHJLRQ GHI QHG E\ JUG0R(Y$ LQ
OLQH ZLWK RXU UHPDUNV LQ 6HFWLRQ  7KH WRSRORJLFDO FORVXUH LV UHOHYDQW WR WKH UXQWLPH VHPDQWLFV RI D
+\EULG (YHQW% PDFKLQH EXW VKRXOG EH LJQRUHG IRU VWDWLF YHULI FDWLRQ
)RU D SOLDQW HYHQW 3OL(Y$ ZLWK VWDWH X SDUDPHWHUV L", O,R ,1,7 JXDUG LY3OL(Y$ DQG :+(5( JXDUG
JUG3OL(Y$ JLYHQ LQYDULDQWV , DQG ZLWK EHIRUHGXULQJDIWHUSUHGLFDWH %'$SUHG3OL(Y$ IHDVLELOLW\ DVVHUWV WKDW
WKHUH LV DQ RSHQ LQWHUYDO JLYHQ E\ VRPH  5 >  / ZLWKLQ ZKLFK WKH SOLDQW HYHQW VSHFLI HV D EHKDYLRXU RI
WKH PDFKLQH 7KLV PHDQV WKDW WKHUH LV D VROXWLRQ SUHGLFDWH 62/3OL(Y$ ZKLFK HLWKHU VROYHV WKH GLIIHUHQWLDO
HTXDWLRQ RI RU H[SUHVVHV WKH GLUHFW DVVLJQPHQW LQ WKH 62/9( FODXVH RI 3OL(Y$ DQG WKDW LQ WKH LQWHUYDO
( / . . . 5) ERWK 62/3OL(Y$ DQG %'$SUHG3OL(Y$ DUH MRLQWO\ VDWLVI HG
,(X( /)) ∧ LY3OL(Y$(X( /)) ∧ JUG3OL(Y$(X( /))
⇒ (∃ 5 >  / • [ ( 5− / ≥ δ=HQR3OL(Y$) ∧ ] (∀ / ≤ W <  5 • (∃X(W), L"(W), O(W),R(W) •
%'$SUHG3OL(Y$(X(W), L"(W), O(W),R(W), W) ∧ 62/3OL(Y$(X(W), L"(W), O(W),R(W), W)))) 
,Q  WKH SRUWLRQ LQ EROG VTXDUH EUDFNHWV H[SUHVVHV WKH =HQR SURSHUW\ RI 3OL(Y$ SUHVXPLQJ WKDW
δ=HQR3OL(Y$ LV D VXLWDEOH FRQVWDQW 7KH VTXDUH EUDFNHWV LQGLFDWH WKDW LW PD\ EH UHJDUGHG DV RSWLRQDO VLQFH
=HQR SURSHUWLHV DUH RIWHQ VR KDUG WR SURYH VWDWLFDOO\
0DFKLQH FRQVLVWHQF\ FRQWLQXHV ZLWK LQYDULDQW SUHVHUYDWLRQ )RU PRGH HYHQWV ZLWK WKH FRQYHQWLRQV
XVHG LQ  ZH KDYH
,(X) ∧ JUG0R(Y$(X, L", O) ∧ %$SUHG0R(Y$(X, L", O,R,X′)⇒ ,(X′) 
0DFKLQH FRQVLVWHQF\ DOVR LQFOXGHV LQYDULDQW SUHVHUYDWLRQ IRU SOLDQW HYHQWV
,(X( /)) ∧ LY3OL(Y$(X( /)) ∧ JUG3OL(Y$(X( /)) ∧ (∃ 5 >  / • 750( 5) ∧ (∀ / ≤ W <  5,X(W),
L"(W), O(W),R(W)•%'$SUHG3OL(Y$(X(W), L"(W), O(W),R(W), W) ∧ 62/3OL(Y$(X(W), L"(W), O(W),R(W), W)))
⇒ (∀ / ≤ W <  5 • ,(X(W))) 

In (16), for a nonf nal pliant event, TRM(tR) signif es that tR is (at least as big as) the preemption time
of a pliant transition specif ed by the event and started at tL (i.e. tR records the termination time of the
transition). The minimum value of tR is obtainable via the calculation needed for well-formedness in the
PO (18). For a f nal pliant event, TRM(tR) signif es that (16) must be true for unboundedly large tR.
9.5. Machine Well Formedness POs
Well formedness statically checks that mode and pliant steps alternate during a system run. If u is an
after-state of a transition of mode event MoEvA, then it: disables mode events that do not have inputs20
(by ensuring that the disjunction of those mode events’ guards evaluates to false), and enables some
pliant event (by ensuring that the disjunction of pliant event initial values and guards evaluates to true).
∃u0, i0?, l0,o0!• I(u0) ∧ grdMoEvA(u0, i0?, l0) ∧ BApredMoEvA(u0, i0?, l0,o0!,u) ∧ I(u)
⇒¬ [ ∃ l•grdMoEvA1(u, l) ∨ grdMoEvA2(u, l) . . .grdMoEvAN(u, l) ] ∧
[ (ivPliEvA1(u) ∧ grdPliEvA1(u)) ∨ (ivPliEvA2(u) ∧ grdPliEvA2(u)) ∨ . . . ∨
(ivPliEvAM(u) ∧ grdPliEvAM(u)) ] (17)
In (17), we have simplif ed matters by assuming that all mode event local parameters have the same type.
Dually, if PliEvA is a nonf nal pliant event, then the end of the state trajectory in any of its pliant
transitions enables some mode event. Since pliant transitions do not, typically, become infeasible when
preempted, (18) does not demand that pliant events are disabled. We again simplify (18) a little by
assuming that all the mode event inputs and local parameters respectively have the same types.
I(u(tL)) ∧ ivPliEvA(u(tL)) ∧ grdPliEvA(u(tL)) ∧ (∃tR > tL • (∀tL ≤ t < tR,u(t), i?(t), l(t),o!(t) •
BDApredPliEvA(u(t), i?(t), l(t),o!(t), t) ∧ SOLPliEvA(u(t), i?(t), l(t),o!(t), t) ∧ MAXIMAL(tR) ∧
¬ [ ∃ i?, l•grdMoEvA1(u(t), i?, l) ∨ grdMoEvA2(u(t), i?, l) ∨ . . . ∨ grdMoEvAN(u(t), i?, l) ]))
⇒ WELLDEF(tR) ∧ [ ∃ i?, l •grdMoEvA1(
(−−−→
u(tR)
)
, i?, l) ∨ grdMoEvA2(
(−−−→
u(tR)
)
, i?, l) ∨ . . . ∨
grdMoEvAN(
(−−−→
u(tR)
)
, i?, l) ] (18)
In (18), the term MAXIMAL(tR) abbreviates the statement that there is no greater value of tR such that
the properties stated in the assumptions hold. Likewise, the term WELLDEF(tR) insists that all variables
have well def ned values at tR, whether through, continuity, discontinuity or left-limit at tR. The PO (18)
covers two cases. In both cases the assumptions state that there is no time strictly less than tR such that
the pliant solution exists and a mode event is enabled. Regarding the conclusions, in the f rst case, the
solution exists at (and necessarily beyond) tR, and is either continuous there, or suffers a discontinuity
precisely at tR — in which case the overarrows in the terms
−−−→
u(tR) are disregarded (indicated by the bold
parentheses surrounding the overarrows), and the actual value u(tR) is used to enable some mode event.
In the second case the solution becomes infeasible at tR, and the left limit is needed. As noted above,
the calculation needed for tR in (18) yields the duration of any pliant transition.
9.6. The Zeno Property
The discussion in Section 4 noted the desirability of non-Zenoness. In fact we already addressed this
in PO (14), since proving it with the Zeno terms for all pliant events gives global non-Zenoness, as the
number of pliant events is f nite.
20The semantics ensures mode event inputs are not available at the same time as previously scheduled mode transitions.
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 0HDVXUDELOLW\ DQG WKH /LSVFKLW] 32
7ZR FRQGLWLRQV GLVFXVVHG LQ 6HFWLRQ  ZHUH WKH /LSVFKLW] DQG PHDVXUDELOLW\ FULWHULD IRU GLIIHUHQWLDO
HTXDWLRQV 5HJDUGLQJ PHDVXUDELOLW\ LQ WLPH RI WKH ULJKW KDQG VLGH RI '(V ZH FDQ UHVW HDV\ 1RQ
PHDVXUDEOH IXQFWLRQV UHTXLUH FRQVLGHUDEOH PDWKHPDWLFDO LQJHQXLW\ WR FRQVWUXFW DQG GR QRW I JXUH LQ
HQJLQHHULQJ DSSOLFDWLRQV
7KH /LSVFKLW] FULWHULRQ LV RI PRUH UHOHYDQFH 6WDQGDUG UHIHUHQFHV HJ >@ GHOLJKW LQ VKRZLQJ WKH
SDWKRORJLHV WKDW DULVH UHJDUGLQJ H[LVWHQFH DQG XQLTXHQHVV RI VROXWLRQV WR '(V ZKHQ VRPH DVSHFW RI WKH
/LSVFKLW] FRQGLWLRQ IDLOV 7KH HDVLHVW ZD\ WR JXDUDQWHH LW LV WR GHPDQG D XQLIRUP /LSVFKLW] ERXQG RQ WKH
ULJKW KDQG VLGH RI HYHU\ '( WKDW ZH KDYH WR GHDO ZLWK 7KXV OHW D[V = φ([V, W) EH D '( VSHFLI\LQJ WKH
EHKDYLRXU RI VRPH SOLDQW HYHQW 7KHQ WKH XQLIRUP ERXQG FRQGLWLRQ UHGXFHV WR
∃. •∀ W• ||φ([V, W)−φ([V, W) || ≤ . ||[V− [V || 
ZKHUH || . || GHQRWHV WKH L∞ QRUP RI D UHDO YHFWRU LH WKH PD[LPXP DEVROXWH YDOXH RI DQ\ RI LWV FRP
SRQHQWV 1RUPDOO\ WKH WUXWK RI VXFK D SURSHUW\ ZLOO IROORZ IURP JHQHULF SURSHUWLHV RI WKH FODVV RI '(V
EHLQJ XVHG VR ZLOO QRW QRUPDOO\ QHHG WR EH YHULI HG H[SOLFLWO\
 $EVROXWH &RQWLQXLW\ LQ WKH 'LUHFW $VVLJQPHQW &DVH
%HVLGHV GLIIHUHQWLDO HTXDWLRQV D SOLDQW HYHQW PD\ EH VSHFLI HG YLD D GLUHFW DVVLJQPHQW IRU H[DPSOH
[V  (([V, W) $V ZH VWDWHG LQ 6HFWLRQ  ZH GHPDQG GLUHFWO\ WKDW ( LV SLHFHZLVH DEVROXWHO\ FRQWLQXRXV
VR WKH SURSHUW\ ZH QHHG IRU [V LV LPPHGLDWH
 $EVROXWH &RQWLQXLW\ LQ WKH ,PSOLFLW &DVH
$ SOLDQW HYHQW PD\ DOVR EH VSHFLI HG PRUH LQGLUHFWO\ YLD WKH %'$SUHG DORQH UDWKHU WKDQ MXVW XVLQJ WKH
%'$SUHG DV DQ DGGLWLRQDO FRQVWUDLQW $VLGH IURP WKH QHHG IRU DOO EHKDYLRXUV WR EH DEVROXWHO\ FRQWLQXRXV
ZH GR QRW SODFH IXUWKHU UHVWULFWLRQV RQ ZKDW LV SHUPLWWHG WR EH VSHFLI HG E\ WKLV PHDQV :KLOH WKHRUHW
LFDOO\ WKLV RSHQV WKH GRRU WR GHI QLQJ D ZLGH UDQJH RI WUXO\ H[RWLF EHKDYLRXUV LQ SUDFWLFH WKHVH DUH RI
QR LQWHUHVW IRU HQJLQHHULQJ DSSOLFDWLRQV VLQFH WKH FRQWHQW RI %'$SUHG ZLOO QRUPDOO\ H[FOXGH H[FHVVLYHO\
ZLOG EHKDYLRXU
2QH FRQVHTXHQFH RI SHUPLWWLQJ µSXUH %'$SUHG VSHFLI FDWLRQ¶ LV WKDW YDULRXV 32V UHODWLQJ WR SOLDQW
HYHQWV DUH DIIHFWHG +RZHYHU WKLV LV UDWKHU WULYLDO 6LQFH DQ\ SLHFHZLVH DEVROXWHO\ FRQWLQXRXV EHKDYLRXU
62/ VDWLVI\LQJ WKH %'$SUHG LV DOORZHG WKH FRPELQDWLRQ %'$SUHG ∧ 62/ WKLV EHLQJ WKH RQO\ FRQWH[W LQ
ZKLFK 62/ DSSHDUV LQ DQ\ 32 UHGXFHV WR MXVW %'$SUHG LQ WKH 32
 5HI QHPHQW 32V
6XSSRVH WKDW DV ZHOO DV PDFKLQH $ DV DERYH ZH KDYH DQRWKHU PDFKLQH & ZLWK VWDWH YDULDEOH Z DQG
MRLQW LQYDULDQW .(X,Z) ZKLFK LV D UHI QHPHQW RI $ 7KLV PHDQV WKDW WKH FRQFUHWH MRLQW LQYDULDQW LV D
UHODWLRQ RYHU ERWK X DQG Z DOLJQLQJ ZLWK WKH %0HWKRG YLHZ WKDW D UHI QHPHQW LV DQ HQKDQFHPHQW RI LWV
DEVWUDFW FRXQWHUSDUW UDWKHU WKDQ D UHSODFHPHQW IRU LW 7KH QH[W VHFWLRQV FRYHU WKH UHOHYDQW 32V
 5HI QHPHQW ,QLWLDOLVDWLRQ 32V
&RQFUHWH LQLWLDOLVDWLRQ IHDVLELOLW\ LV
∃Z′ • ,QLW&(Z′) 
ZKLOH FRUUHFW LQLWLDOLVDWLRQ RI & LV UHODWLYH WR $
,QLW&(Z′)⇒ (∃X′ • ,QLW$(X′) ∧ .(X′,Z′)) 

9.12. Ref nement Mode Event Consistency POs
Next are the concrete event POs. Let the concrete mode event that ref nes an abstract mode event
MoEvA is called MoEvC. Let MoEvC have state w, input, local and output parameters j?,k,p!, guard
grdMoEvC(w, j?,k), and before-after predicate BApredMoEvC(w, j?,k,p!,w′). Then, given the concrete in-
variant K(u,w), event feasibility is:
∃u•K(u,w) ∧ grdMoEvC(w, j?,k)⇒ (∃w
′,p!•BApredMoEvC(w, j?,k,p!,w
′)) (22)
Two POs must hold if MoEvC ref nes MoEvA. The f rst, guard strengthening, states that when the
invariants hold, the concrete guard implies the abstract one:
I(u) ∧ K(u,w) ∧ grdMoEvC(w, j?,k)
⇒ (∃ i?, l•grdMoEvA(u, i?, l)) (23)
The second, invariant preservation, also referred to as the correctness PO, reads:
I(u) ∧ K(u,w) ∧ grdMoEvC(w, j?,k) ∧ BApredMoEvC(w, j?,k,p!,w
′)
⇒ (∃ i?, l,o!,u′ •BApredMoEvA(u, i?, l,o!,u
′) ∧ K(u′,w′)) (24)
While the guard strengthening and correctness POs, (23) and (24) express what needs to be true for
MoEvC to ref neMoEvA, they do not indicate how particular abstract i?, l,o!,u′ are to be found for given
concrete j?,k,p!,w′. This is remedied by providing a witness relation W(u, i?, l,o!,u′,w, j?,k,p!,w′) that
can be used to indicate appropriate values. The witness itself has to be feasible:
I(u) ∧ K(u,w) ∧ grdMoEvC(w, j?,k) ∧ BApredMoEvC(w, j?,k,p!,w
′)
⇒ (∃ i?, l,o!,u′ •W(u, i?, l,o!,u′ ,w, j?,k,p!,w′)) (25)
Given a feasible witness which is appropriate for the problem, the guard strengthening PO changes to:
I(u) ∧ K(u,w) ∧ grdMoEvC(w, j?,k) ∧W(u, i?, l,o!,u
′ ,w, j?,k,p!,w′)
⇒ grdMoEvA(u, i?, l) (26)
while the correctness PO changes to:
I(u) ∧ K(u,w) ∧ grdMoEvC(w, j?,k) ∧ BApredMoEvC(w, j?,k,p!,w
′) ∧
W(u, i?, l,o!,u′ ,w, j?,k,p!,w′)
⇒ BApredMoEvA(u, i?, l,o!,u
′) ∧ K(u′,w′) (27)
where in (26) and (27), there are no more existential quantif ers to f nd values for.
If machine C has ‘new’ events that ref ne notional abstract skips, then the preceding simplif es. The
abstract state does not change, so there is no abstract input either. This obviates the need for existential
quantif cation, or witnesses. The result is:
I(u) ∧ K(u,w) ∧ grdNewEvC(w, j?,k) ∧ BApredNewEvC(w, j?,k,p!,w
′)⇒ K(u,w′) (28)
New events are normally prevented from ‘taking control of the run forever’, which is achieved by de-
manding that each execution of a new event decreases a variant V . We can retain this criterion in Hybrid
Event-B, and the PO reads:
BApredNewEvC(w, j?,k,p!,w
′)⇒ V(w′) < V(w) (29)
A possibility in Hybrid Event-B is the fact that it might be harder to restrict the type of the variant to an
‘obviously well founded’ set. But in engineering applications this can usually be overcome with a little
ingenuity.
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 5HI QHPHQW 3OLDQW (YHQW &RQVLVWHQF\ 32V
7XUQLQJ WR SOLDQW HYHQWV ZH GHPDQG WKDW DEVWUDFW SOLDQW HYHQWV DUH UHI QHG E\ FRQFUHWH SOLDQW HYHQWV
:H VWDUW ZLWK UHODWLYH HYHQW IHDVLELOLW\ ZKLFK DJDLQ IHDWXUHV DQ RSWLRQDO =HQR WHUP DQG LV DJDLQ OLNH WKH
DEVWUDFW FDVH DVLGH IURP WKH H[LVWHQWLDOO\ TXDQWLI HG DEVWUDFW VWDWH
(∃X( /)• ,(X( /)) ∧ .(X( /),Z( /)) ∧ LY3OL(Y&(Z( /)) ∧ JUG3OL(Y&(Z( /))
⇒ (∃ 5 >  / • [ ( 5− / ≥ δ=HQR3OL(Y&) ∧ ] (∀ / < W <  5 • (∃Z(W), M"(W),N(W),S(W) •
%'$SUHG3OL(Y&(Z(W), M"(W),N(W),S(W), W) ∧ 62/3OL(Y&(Z(W), M"(W),N(W),S(W), W))))) 
1H[W LV WKH DQDORJXH RI JXDUG VWUHQJWKHQLQJ 7KLV FRPHV LQ WZR IRUPV GLIIHULQJ LQ ZKHWKHU WKH WHUP
LY3OL(Y$(X( /)) LV LQFOXGHG RU QRW LQGLFDWHG E\ HQFORVLQJ LW LQ KHDY\ VTXDUH EUDFNHWV
,(X( /)) ∧ .(X( /),Z( /)) ∧ LY3OL(Y&(Z( /)) ∧ JUG3OL(Y&(Z( /))
⇒ [ LY3OL(Y$(X( /)) ∧ ] JUG3OL(Y$(X( /)) 
7KH FRQGLWLRQV IRU LJQRULQJ LY3OL(Y$(X( /)) FRPH IURP UHI QHPHQW DV GLVFXVVHG LQ 6HFWLRQ 
7KH FRUUHFWQHVV 32 EHFRPHV
,(X( /)) ∧ .(X( /),Z( /)) ∧ LY3OL(Y&(Z( /)) ∧ JUG3OL(Y&(Z( /))⇒
(∃ 5 >  / • 750( 5) ∧ (∀ / < W <  5,Z(W), M"(W),N(W),S(W) •
%'$SUHG3OL(Y&(Z(W), M"(W),N(W),S(W), W) ∧ 62/3OL(Y&(Z(W), M"(W),N(W),S(W), W))
⇒ (∀ / < W <  5 • (∃X(W), L"(W), O(W),R(W) •
%'$SUHG3OL(Y$(X(W), L"(W), O(W),R(W), W) ∧ 62/3OL(Y$(X(W), L"(W), O(W),R(W), W) ∧
.(X(W),Z(W))))) 
7KH IRUP RI  LPSOLHV D QXPEHU RI WKLQJV 7KH PDLQ RQH LV WKDW WLPH SURJUHVVHV DW WKH VDPH UDWH LQ WKH
DEVWUDFW DQG FRQFUHWH V\VWHPV 7KLV LV D FRQVHTXHQFH RI FLWLQJ WKH VDPH WLPH YDOXH LQ ERWK RFFXUUHQFHV
RI WLPH LQ . LQ WKH FRQFOXVLRQ RI WKH LQQHU XQLYHUVDOO\ TXDQWLI HG LPSOLFDWLRQ DQG DOVR RI XVLQJ WKH
VDPH  5 YDOXH LQ ERWK WKH DVVXPSWLRQV DQG FRQFOXVLRQV RI WKLV LPSOLFDWLRQ DV HQIRUFHG E\ WKH VFRSH RI
WKH H[LVWHQWLDO TXDQWLI FDWLRQ RYHU  5 7KH WHUPLQDWLRQ WHUP 750( 5) UHIHUV WR SUHHPSWLRQ RU QRQWHUPL
QDWLRQ RI D FRQFUHWH WUDQVLWLRQ VWDUWHG DW  / 6R  DVVXUHV XV WKDW D VLPXODWLQJ SDLU RI SOLDQW WUDQVLWLRQV
ODVWV DV ORQJ DW WKH DEVWUDFW OHYHO DV DW WKH FRQFUHWH OHYHO
7KH 32  VXIIHUV IURP WKH VDPH SUREOHP DV  QDPHO\ WKDW WKHUH LV QR LQGLFDWLRQ RI KRZ WR I QG
VXLWDEOH X(W), L"(W), O(W),R(W) IRU DQ\ JLYHQ Z(W), M"(W),N(W),S(W) D VLWXDWLRQ PDGH ZRUVH E\ WKH IDFW WKDW
WKHVH TXDQWLWLHV QRZ GHSHQG RQ WLPH
7KH UHPHG\ LV WKH VDPH DV EHIRUH :H LQWURGXFH :(X(W), L"(W), O(W),R(W),Z(W), M"(W),N(W),S(W)) D
SOLDQW ZLWQHVV UHODWLRQ WR SRLQW WKH ZD\ 1RWH WKDW JXDUG VWUHQJWKHQLQJ QR ORQJHU UHTXLUHV D ZLWQHVV
VLQFH LW GRHV QRW LQYROYH DQ\ RI WKH SDUDPHWHUV LQ WKH SOLDQW FDVH
7KH ZLWQHVV UHODWLRQ :(X(W), L"(W), O(W),R(W),Z(W), M"(W),N(W),S(W)) KDV WR EH DV IHDVLEOH DV WKH FRQ
FUHWH WUDQVLWLRQ QHHGV WR ODVW
,(X( /)) ∧ .(X( /),Z( /)) ∧ LY3OL(Y&(Z( /)) ∧ JUG3OL(Y&(Z( /))⇒
(∃ 5 >  / • 750( 5) ∧ (∀ / < W <  5,Z(W), M"(W),N(W),S(W) •
%'$SUHG3OL(Y&(Z(W), M"(W),N(W),S(W), W) ∧ 62/3OL(Y&(Z(W), M"(W),N(W),S(W), W))
⇒ (∀ / < W <  5 • (∃X(W), L"(W), O(W),R(W)•:(X(W), L"(W), O(W),R(W),Z(W), M"(W),N(W),S(W)))))


With the help of the witness, the PO (32) becomes:
I(u(tL)) ∧ K(u(tL),w(tL)) ∧ ivPliEvC(w(tL)) ∧ grdPliEvC(w(tL))⇒
(∃tR > tL • TRM(tR) ∧ (∀tL < t < tR,w(t), j?(t),k(t),p!(t) •
BDApredPliEvC(w(t), j?(t),k(t),p!(t), t) ∧ SOLPliEvC(w(t), j?(t),k(t),p!(t), t) ∧
W(u(t), i?(t), l(t),o!(t),w(t), j?(t),k(t),p!(t)))
⇒ (∀tL < t < tR •
BDApredPliEvA(u(t), i?(t), l(t),o!(t), t) ∧ SOLPliEvA(u(t), i?(t), l(t),o!(t), t) ∧
K(u(t),w(t))) (34)
9.14. Ref nement Relative Deadlock Freedom POs
Acting in tandem with feasibility, relative deadlock freedom guarantees that, despite guards being
individually strengthened during ref nement (see (24)), all together (i.e. taking new events into account)
the concrete system is enabled ‘at least as much’ as the abstract one.
For mode events, utilising the witness relation W(u, i?, l,o!,u′ ,w, j?,k,p!,w′) given earlier, and as-
suming at both levels that all events have the same parameter types, the PO reads:
I(u) ∧ K(u,w) ∧ (∃o!,p!,u′,w′ •W(u, i?, l,o!,u′ ,w, j?,k,p!,w′)) ∧
[ grdMoEvA1(u, i?, l) ∨ grdMoEvA2(u, i?, l) ∨ . . . ∨ grdMoEvAN(u, i?, l) ]
⇒ grdMoEvC1(w, j?,k) ∨ grdMoEvC2(w, j?,k) ∨ . . . ∨ grdMoEvCM(w, j?,k) (35)
We also demand relative deadlock freedom in the continuous sphere. Note that we don’t need a
witness here, since pliant events do not have parameters that can be sensed at the initial instant of a pliant
transition.
I(u) ∧ K(u(tL),w(tL)) ∧ [ (ivPliEvA1(u(tL)) ∧ grdPliEvA1(u(tL))) ∨
(ivPliEvA2(u(tL)) ∧ grdPliEvA2(u(tL)) ∨ . . . ∨ (ivPliEvAM(u(tL)) ∧ grdPliEvAM(u(tL)) ]
⇒ [ (ivPliEvC1(w(tL)) ∧ grdPliEvC1(w(tL))) ∨ (ivPliEvC2(w(tL)) ∧ grdPliEvC2(w(tL)) ∨ . . . ∨
(ivPliEvCN(w(tL)) ∧ grdPliEvCN(w(tL)) ] (36)
9.15. Correctness
The objective of having static POs is to enable us to conclude, statically, that runtime errors do not
occur. In this section we examine some correctness properties that follow from the POs above.
Theorem 9.1. Let M be a Hybrid Event-B machine. Suppose that no event (whether mode or pliant)
has an inconsistent specif cation for the update of any variable. Suppose that the POs listed earlier in
this section hold. Then the Hybrid Event-B machineM is correct according to Def nition 7.1.
Proof: It will be suff cient to go through the steps of the formal semantics in Section 7, and to conf rm that
the static properties assumed are suff cient to ensure that the ABORT or VOID cases are never encountered.
Regarding step [2], we assume that initialisation assigns values to all variables, consistent with the
invariants.
Next, the mode-to-pliant machine well-formedness PO (17) guarantees that no mode event without
inputs is enabled, passing step [3]; it also guarantees that there is an enabled pliant event governing the
subsequent behaviour, passing step [4]. The check in [4.1] is passed, by assumption.
Pliant event feasibility, (14), ensures that in step [5], some nonempty interval (t0 . . . tMAX) can be
found, leading to a choice of explicit solution for some maximal tMAX in [6]. Step [6.1] is unproblematic.
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,I QR PRGH HYHQW EHFRPHV HQDEOHG GXULQJ RU DW WKH HQG RI WKH LQWHUYDO (W . . . W0$;) WKHQ WKH LQYDULDQW
SUHVHUYDWLRQ 32  JXDUDQWHHV VXFFHVVIXO WHUPLQDWLRQ DW W0$; E\ >@
2WKHUZLVH WKH QH[W F\FOH RI H[HFXWLRQ VWDUWV DQG VWHS >@ GHWHUPLQHV WKH QH[W SUHHPSWLRQ SRLQW
Wη+ 32  JXDUDQWHHV WKDW KRZHYHU WKLV SUHHPSWLRQ SRLQW LV GHWHUPLQHG ZKHWKHU E\ FRQWLQXRXV
RU GLVFRQWLQXRXV EHKDYLRXU DVVLJQLQJ YDULDEOH YDOXHV RU E\ OHIWOLPLW YDOXHV DW WKH HQG RI D UHJLRQ RI
IHDVLELOLW\ DOO YDULDEOHV DUH ZHOO GHI QHG DQG HQDEOH D QRQ,1,7,$/,6$7,21 PRGH HYHQW 6WHS >@
GHWHUPLQHV WKH VHW RI HQDEOHG QRQ,1,7,$/,6$7,21 PRGH HYHQWV DW Wη DQG VWHS >@ FKRRVHV D PRGH
WUDQVLWLRQ VHOHFWHG IURP WKHP 6WHS >@ FRPSOHWHV WKH UHGHI QLWLRQ RI YDULDEOH YDOXHV DW Wη %HFDXVH
RI 32  QRQH RI WKHVH VWHSV FDQ $%257 )LQDOO\ VWHS >@ FOHDQV XS WKH WLPH LQWHUYDO (Wη . . . W0$;)
7KH SURRI WKHQ FRQWLQXHV DV IURP WKH WKLUG SDUDJUDSK DERYH WKRXJK LW GHDOV ZLWK D JHQHULF Wη LQVWHDG RI
W :H DUH GRQH 
1RWH WKDW WKH DERYH SURRI ZKLOH DVVHUWLQJ FRUUHFWQHVV DV LQ 'HI QLWLRQ  GRHV QRW DVVXUH WKH DEVHQFH
RI =HQR SKHQRPHQD XQOHVV ZH DUH DEOH WR LQFOXGH WKH δ=HQR3OL(Y$ WHUPV LQ WKH 32V WKDW FRQWDLQ WKHP 1RWH
DOVR WKDW PRGH HYHQW JXDUG FORVXUH ZDV QHYHU PHQWLRQHG LQ HLWKHU WKH 32V RU WKH SURRI $OWKRXJK LW LV
XVHIXO IRU UXQWLPH VHPDQWLFV LW PD\ JLYH ULVH WR SKHQRPHQD EH\RQG WKH UHDFK RI VWDWLF YHULI FDWLRQ
7KHRUHP  /HWM DQGM 5 EH +\EULG (YHQW% PDFKLQHV 6XSSRVH WKH FRQGLWLRQV RI 7KHRUHP  DUH
VDWLVI HG IRU ERWK PDFKLQHV 6XSSRVH WKDW WKH UHI QHPHQW 32V KROG IRUM DQGM 5 7KHQM 5 UHI QHVM
LQ WKH VHQVH RI 'HI QLWLRQ 
3URRI 7KH SURRI SURFHHGV E\ LQGXFWLRQ /HW 65 EH D V\VWHP WUDFH RIM 5 JLYHQ E\ D FROOHFWLRQ RI WLPH
GHSHQGHQW YDOXDWLRQV IRU DOO WKH YDULDEOHV RI M 5 RYHU DQ LQWHUYDO [W . . . W),15) :H VKRZ WKDW ZH FDQ
VLPXODWH 65 E\ D V\VWHP WUDFH 6 RI M  VXFK WKDW DOO WKH LQYDULDQWV RI ERWK PDFKLQHV KROG DQG DW HDFK
RFFXUUHQFH RI D PRGH HYHQW LQ 6 WKHUH LV DQ RFFXUUHQFH RI D PRGH HYHQW LQ 65
6\VWHP WUDFH 65 VWDUWV ZLWK DQ LQLWLDO VWDWH VDWLVI\LQJ M 5¶V LQYDULDQWV DQG WKH LQLWLDOLVDWLRQ UHI QH
PHQW 32V HQVXUH D FRUUHVSRQGLQJ M LQLWLDO VWDWH VDWLVI\LQJM ¶V LQYDULDQWV 7KHUHDIWHU SOLDQW WUDQVLWLRQV
DQG PRGH WUDQVLWLRQV DOWHUQDWH LQ 65 32V  HQVXUH WKDW WKH I UVW SOLDQW WUDQVLWLRQ RI 65 FDQ EH FRU
UHFWO\ VLPXODWHG XQWLO LW LV SUHHPSWHG E\ WKH QH[W PRGH WUDQVLWLRQ RI 65 7KDW WKH DEVWUDFW V\VWHP WUDFH
6 FDQQRW EH SUHHPSWHG VRRQHU WKDQ WKH QH[W PRGH WUDQVLWLRQ RI 65 IROORZV E\ WKH PRGH HYHQW UHODWLYH
GHDGORFN IUHHGRP 32  ZKLFK ZRXOG HQDEOH DQM 5 PRGH HYHQW IRUFLQJ DQ HDUOLHU 65 SUHHPSWLRQ
7KHQ 32V  HQVXUH WKDW WKH PRGH WUDQVLWLRQ LV FRUUHFWO\ VLPXODWHG ZKHWKHU E\ DQ µROG¶ DE
VWUDFW WUDQVLWLRQ RU E\ D µQRWLRQDO VNLS¶ ERWK RI ZKLFK SUHVHUYH WKH LQYDULDQWV 7KH VXEVHTXHQW SOLDQW
WUDQVLWLRQ RI 65 PD\ EH IRU DQ µROG¶ RU D µQHZ¶ HYHQW ,Q ERWK FDVHV JLYHQ WKDW WKLV 65 WUDQVLWLRQ LV IHD
VLEOH E\ DVVXPSWLRQ WKH UHI QHPHQW FRUUHFWQHVV 32 IRU SOLDQW HYHQWV  JXDUDQWHHV WKDW WKH VLPXODWLQJ
DEVWUDFW SOLDQW WUDQVLWLRQ LV IHDVLEOH DQG H[HFXWHV SUHVHUYLQJ WKH LQYDULDQWV ,Q SDUWLFXODU LQ WKH FDVH RI
D µQHZ¶ HYHQW VLPXODWHG E\ D µQRWLRQDO VNLS¶ LW SUHYHQWV WKH SUHYLRXV DEVWUDFW WUDQVLWLRQ IURP EHFRPLQJ
LQIHDVLEOH SUHFLVHO\ DW WKH PRPHQW RI SUHHPSWLRQ
7KH LQGXFWLYH SURFHVV FRQWLQXHV WR FRYHU DOO RI WKH LQWHUYDO [W . . . W),15) JLYLQJ D VLPXODWLQJ DEVWUDFW
V\VWHP WUDFH 6 ODVWLQJ DW OHDVW DV ORQJ DV 65 ,W LV DOVR FOHDU WKDW IRU HDFK PRGH WUDQVLWLRQ LQ 6 GLVUHJDUGLQJ
WKH QRWLRQDO VNLS¶ WUDQVLWLRQV WKHUH LV D PRGH WUDQVLWLRQ LQ 65 ZKLFK JDYH ULVH WR WKH 6 WUDQVLWLRQ WKURXJK
VLPXODWLRQ :H DUH GRQH 
:H SRLQW RXW WKDW DOWKRXJK WKH DERYH DFFRXQW GLVFXVVHG PDFKLQHV LQ WHUPV RI WKHLU VWDWH YDULDEOHV
DORQH VLPLODU FRQVLGHUDWLRQV DSSO\ ZKHQ HYHQWV IHDWXUH SDUDPHWHUV 7KLV W\SLFDOO\ QHFHVVLWDWHV VXLWDEOH
H[LVWHQWLDO FODLPV LQ WKH K\SRWKHVHV UHJDUGLQJ LQSXWV HWF

MACHINE Bouncing
SEES BounceCtx
TIME t
PLIANT h,v
VARIABLES mode
INVARIANTS
mode ∈MODES
h ∈ R
h ∈ [0 . . .H]
v ∈R
EVENTS
INITIALISATION
STATUS ordinary
WHEN t = 0
THEN
mode := bouncing
h := h0
v := v0
END
Episode
STATUS pliant
WHEN mode = bouncing
SOLVE Dh = v
D v=−g
END
Bounce
STATUS ordinary
WHEN mode = bouncing ∧ h = 0 ∧
v < 0
THEN v := −cv
END
. . . . . . . . . . . .
. . . . . . . . . . . .
DeadBall
STATUS ordinary
WHEN mode = bouncing ∧ h = 0 ∧
v < 0 ∧ v2 ≤ Elow
THEN mode := dead
END
FINAL
STATUS pliant f nal
WHEN mode = dead
SOLVE h := 0
v := 0
END
END
CONTEXT BounceCtx
SETS MODES
CONSTANTS bouncing,dead
h0,v0,g,c,H,Elow
AXIOMS
MODES = {bouncing,dead}
h0 ∈ R ∧ h0 > 0
v0 ∈ R
g ∈ R ∧ g> 0
c ∈R ∧ c ∈ (0 . . .1)
H ∈ R ∧H > 0
Elow ∈ R ∧ Elow > 0
END
Figure 6: A Hybrid Event-B machine for the bouncing ball.
10. Case Studies
In this section we look at a number of relatively small case studies that illustrate the framework we
have described previously. Somewhat larger case studies can be found in [12, 11, 9, 10].
10.1. The Bouncing Ball
We treat a favourite example, the bouncing ball — a nice account can be found in [38]. A pointlike
ball of unit mass is subject to gravity g, and bounces vertically over some point on a horizontal surface,
starting at time t = 0. The ball’s height above the surface is h(t), initially set to h0 > 0 at t = 0, and its
vertical velocity is v(t) (positive values indicating upward movement), initially v0 at t = 0. Whenever the
ball hits the surface, the speed diminishes by a factor c < 1, and the kinetic energy by a factor c2. When
the ball’s energy is low enough, the bounce may simply absorb all the energy, leaving the ball stationary
on the horizontal surface.
To understand this ball’s behaviour, let us consider a single full bouncing episode, with the ball
leaving the surface with velocity v˜. Such an episode reaches a height h˜ given by gh˜ = 12 v˜
2, since this
expresses the conversion of pure kinetic energy at the surface to pure potential energy at the highest point.
Since the energy is diminished after the ball returns to the surface, the maximum height reached during
any individual full episode is an upper bound for any remaining dynamics of the ball. Therefore, if we
wish to impose an invariant such as h(t)≤H (where H is a constant), it is suff cient to check whether the
property is maintained through the f rst (partial) episode, and through the next (full) episode.
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At time t = 0 the energy is gh0 + 12v
2
0. This becomes pure kinetic energy when the ball reaches the
ground, at which point it has a velocity −vmax given by:
vmax =
√
2
(
gh0 +
1
2
v20
)
(37)
If the ball happened to be moving upwards at t = 0, then it would reach a height hmax given by
ghmax = 12v
2
max, and this would be the maximum height it would ever reach. If the ball was moving
downwards at t = 0, then it would lose speed by the factor c upon bouncing, and, rebounding at a
velocity cvmax, would subsequently reach a maximum height hm˜ax given by ghm˜ax =
1
2(cvmax)
2. These
facts provide the basis for a case analysis that determines whether an invariant like h(t)≤H is respected
or not, depending on the initial values. (Of course the above account depended on our knowing about
energy and its conservation, allowing us to shortcircuit a more laborious solution of the system as might
be performed by an unsophisticated mechanised reasoner, which would simply integrate the equations
episode by episode, arriving eventually at the same conclusions.)
A Hybrid Event-B model for the system appears in Fig. 6. The context BounceCtx collects all the
easy-to-forget facts concerning the constants that play a role in the system, without which the observa-
tions made above would not be provable. The INITIALISATION synchronises real time to 0, and assigns
the other variables their initial values. The Episode pliant event describes a bouncing episode. It has no
constraints on the initial values of variables except that it checks that the mode is bouncing. Mode event
Bounce discontinuously f ips the velocity of the ball when it hits the horizontal surface, and when the
energy of the ball is small enough (v2 ≤ Elow), instead of bouncing, the ball has the option of resting on
the horizontal surface and enabling the FINAL pliant event that brings the dynamics to an end.
Without the mode event DeadBall, the system would exhibit Zeno behaviour — the system’s energy
is conserved except at bounces, and since each bounce depletes the energy by a multiplicative factor c2,
an inf nite number of these would be needed to consume all the energy. Since the duration of a bouncing
episode is proportional to the ‘lift-off energy’, successive episode durations would be similarly reduced,
leading to a Zeno point at a f nite point in time. Note that this illustrates well the fact that Zeno behaviour
is generally intimately connected with reachability.
With DeadBall, Zeno behaviour is not excluded — it could be though, by strengthening the guard of
Bounce to exclude bouncing at low energy.
The bouncing ball also illustrates the utility of allowing mode event guards to def ne non-closed
regions of the state space, even though such mode event guards are potentially reinterpreted as their
closure at runtime. In the event Bounce, the guard, mode = bouncing ∧ h = 0 ∧ v < 0 specif es a non-
closed region, its closure being mode = bouncing ∧ h = 0 ∧ v≤ 0. Statically, the after-state established
by Bounce in the case that v = 0 is the same as the before-state, so re-establishes the guard of Bounce,
and causes a failure of the PO (17). Dynamically though, we know that v = 0 cannot be reached after
any f nite number of events if v0 6= 0, so insisting on statically closed guards would lead to inconvenient
modelling metaphors.
10.2. A Simple Ref nement-Based Discretization Example
In this example, we examine a simple case of discretization. In the left part of Fig. 7, there is a simple
Hybrid Event-B machine ExUp. It has a single mode variable md and a single pliant variable x. As well
as time t, we have a clock variable clk, included to show the syntax. The mode variable md has two
possible values, stat and dyn. Time is def ned as the non-negative reals, and x has values in the closed
interval [0 . . .10].
Machine ExUp has four events: INITIALISATION, IncPli, Stop, FINAL. Upon initialisation, which
is synchronised with time 0, the clock is set to 1, the mode md becomes dyn, and x is set to 0. Upon
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Figure 8: The European Train Control System. A movement authority, def ned by its endpoint MA, start braking position SB,
and start talking position ST ; dividing the track into a far region, a re-negotiate region, and a correction region (together with
the transition diagram for the corresponding modes).
be envisaged as happening at some specif c time(s), because the real events that ref ne them, do have to
happen at specif c times.
Machine ExUp is ref ned to ExUpR. The main feature of this ref nement is the introduction of pliant
variable w, and joint invariant w = bxc. In ExUpR, event IncD is now a real event, and machine ExUpR
evidently has shorter IncPli pliant events (of duration one time unit instead of ten), since IncD preempts
the ref ned IncPli frequently.
Event IncD ref nes the notional skip. Note that despite the discontinuity that the concrete IncD
specif es, it does nevertheless ref ne skip. To see this better, consider a small interval surrounding t = 5.
The behaviour of x is continuous through t= 5, consistent with a skip taking place at any chosen moment,
including t = 5. On the other hand, the behaviour of w jumps from 4 to 5 at t = 5. Just before t = 5, we
have x < 5, so bxc = w = 4, a fact that persists to the left limit:
−−−→
bxc(5) =
−−→
w(5) = 4. But as soon as t = 5,
then x = 5 holds, so bxc(5) = w(5) = 5. These two facts conf rm that the behaviour of w ref nes skip at
t = 5.
Observe that this example illustrates a particularly benign instance of discretization. The previously
smooth (but non-trivial) behaviour of IncPli and trivial behaviour of (the notional) IncD, is replaced by
a trivial behaviour of IncPli and non-trivial behaviour of IncD. This is a typical ‘zero order hold’, in
which boundary values of pliant transitions corresponding to isolated observations and actuations, def ne
constant behaviour in the next interval.
10.3. The European Train Control System
In our last example we present a simple treatment of the European Train Control System (ETCS),
broadly based on the models in [38]. For ease of comparison, we use the same notations as [38] for
variables where possible (even though this strays beyond the usual lexical conventions of Event-B).
Unlike older train control systems which conf ned trains to a succession of statically def ned rail
track sections, with consequent latencies when crossing section boundaries, the rail track is organised
into dynamically controlled movement authorities. The key invariants are that distinct movement
authorities are always disjoint, that each movement authority contains (at most) one train, and that
each train is in some movement authority. If these are always maintained, then trains cannot collide.
Fig. 8 shows a movement authority. The movement authority is split into successive regions far, neg
and cor, the last of which terminates the movement authority at limit MA. Within far the train can travel
freely. When point ST (start talking) is reached, which is the boundary between far and neg, the train
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 7KLV IRUPX
ODWLRQ FKHFNV ZKHWKHU WKH HPHUJHQF\ EUDNLQJ GLVWDQFH LQ WKH FRU UHJLRQ PRGHOOHG E\ WUDLQ YDULDEOH τ.VE
LV DGHTXDWH E\ UHFRQFLOLQJ LW ZLWK WKH RWKHU G\QDPLFDO YDULDEOHV RI WKH WUDLQ PRWLRQ
7KH KHDUW RI WKH PRGHO FRQVLVWV RI WUDLQ YDULDEOHV DQG PRYHPHQW DXWKRULW\ YDULDEOHV VXSSRUWHG E\
VXLWDEOH FRQVWDQWV DQG RWKHU YDULDEOHV 7KH WUDLQ YDULDEOHV DUH τ.S τ.Y DQG τ.D ZKLFK UHSUHVHQW WKH FXUUHQW
SRVLWLRQ YHORFLW\ DQG DFFHOHUDWLRQ RI WKH WUDLQ UHVSHFWLYHO\ WRJHWKHU ZLWK WKH WUDLQ HPHUJHQF\ EUDNLQJ
GLVWDQFH τ.VE ZKLFK FRUUHVSRQGV WR 0$− 6% HDUOLHU 7KH PRYHPHQW DXWKRULW\ YDULDEOHV DUH P.U P.H
DQG P.G 7KHVH UHSUHVHQW UHVSHFWLYHO\ WKH UHFRPPHQGHG VSHHG LQ ZKDW ZRXOG FRUUHVSRQG WR WKH IDU
DQG QHJ UHJLRQV RI WKH HDUOLHU PRGHO WKH PRYHPHQW DXWKRULW\ HQGSRLQW FRUUHVSRQGLQJ WR 0$ HDUOLHU
DQG WKH GHPDQGHG VSHHG DW WKH HQGSRLQW FRUUHVSRQGLQJ WR WKH PD[LPXP SHUPLVVLEOH VSHHG ZKHQ WKH
HQGSRLQW LV UHDFKHG
7KH REMHFW RI WKH H[HUFLVH LV WR HQVXUH WKDW P.VE LV RI VXII FLHQW OHQJWK WKDW VKRXOG LW KDSSHQ WKDW WKH
WUDLQ SDVVHV WKH 6% SRLQW PD[LPXP GHFHOHUDWLRQ LV FDSDEOH RI UHGXFLQJ WKH VSHHG WR QR PRUH WKDQ P.G
E\ WKH WLPHP.H LV UHDFKHG LH WR PDLQWDLQ WKH LQYDULDQW τ.S≥P.H⇒ τ.Y≤P.G
:H QRZ GHVFULEH D +\EULG (YHQW% PDFKLQH WR FDSWXUH WKLV VLWXDWLRQ 7KH VWDWLF GDWD LV LQ WKH &21
7(;7 (&76 &W[ LQ )LJ  ,W FRQWDLQV WKH QRUPDO DQG HPHUJHQF\ PRGH FRQVWDQWV DQG WKH HPUJ DQG
QHZ0$PHVVDJH YDOXHV ,W DOVR FRQWDLQV WKH PD[LPXP WUDLQ GHFHOHUDWLRQ E DQG PD[LPXP WUDLQ DFFHOHUD
WLRQ $ DQG DOVR ε ZKLFK LV WKH SROOLQJ LQWHUYDO ,Q DGGLWLRQ LW FRQWDLQV WZR VWDWLF IXQFWLRQV EG DQG RG
ZKLFK ZH ZLOO QHHG ODWHU
7KH (7&6 0FK PDFKLQH LWVHOI LV LQ )LJ  $VLGH IURP YDULDEOHV DOUHDG\ PHQWLRQHG WKHUH LV D
FORFN τ.FON WR LPSOHPHQW WKH SROOLQJ 1RWH WKDW RQO\ τ.S DQG τ.Y DUH GHFODUHG SOLDQW VLQFH WKH\ FKDQJH
:H IROORZ >@ LQ KDYLQJ D WRS OHYHO PRGHO ZKLFK LV DOUHDG\ D SROOLQJ PRGHO $Q DOWHUQDWLYH DSSURDFK ZKLFK ZLOO EH SXUVXHG
HOVHZKHUH VWDUWV ZLWK D µPRUH FRQWLQXRXV¶ DEVWUDFW WRS OHYHO PRGHO DQG LQWURGXFHV SROOLQJ IXUWKHU GRZQ WKH GHYHORSPHQW

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QRUPDO,HPHUJHQF\
HPUJ
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EG,RG
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06*6 = {HPUJ,QHZ0$}
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EG ∈R×R→ R
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×E
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$ε
(1'
)LJXUH  6WDWLF GDWD IRU WKH (XURSHDQ 7UDLQ &RQWURO 6\VWHP
FRQWLQXRXVO\ 2WKHU YDULDEOHV DUH SLHFHZLVH FRQVWDQW DOEHLW KDYLQJ YDOXHV LQ R VR DUH PRGH YDULDEOHV
$Q LPSRUWDQW IHDWXUH RI )LJ  LV LQY ZKLFK H[SUHVVHV WKH NH\ VDIHW\ SURSHUW\ τ.S≥P.H⇒ τ.Y≤P.G
:H QRZ FRQVLGHU WKH EHKDYLRXU RI WKH V\VWHP 7KH UDGLR EORFN FRQWUROOHU KDV WKH H[FOXVLYH PRGH
HYHQW (0(5*(1&<  WR GHFODUH WKDW HPHUJHQF\ EUDNLQJ LV UHTXLUHG DQG SDUWLFLSDWHV LQ WKH PRGH HYHQW
029(0(17 $87+25,7<  ZKHUHE\ QHZ GDWD DUH DVVLJQHG WR WKH PRYHPHQW DXWKRULW\ DQG WKH WUDLQ
VLPXOWDQHRXVO\ UHDFWV E\ XSGDWLQJ LWV HPHUJHQF\ EUDNLQJ SRLQW τ.VE %RWK PRGH HYHQWV KDYH LQSXW SD
UDPHWHUV VR DFFRUGLQJ WR WKH VHPDQWLFV WKH QHHGHG YDOXHV EHFRPH DYDLODEOH DW XQGHWHUPLQHG WLPHV WKDW
GR QRW FODVK ZLWK DQ\ RWKHU PRGH HYHQW RFFXUUHQFHV 1RWH WKDW (0(5*(1&< FDQ RQO\ RFFXU RQFH
+DYLQJ KDSSHQHG DQ HPHUJHQF\ EULQJV WKH V\VWHP WR UHVW FRPSOHWLQJ WKH G\QDPLFV
7XUQLQJ WR WKH 029(0(17 $87+25,7< HYHQW ZH VHH WKDW ZKHQ SURPSWHG E\ WKH UHFHLSW RI WKH
LQSXW SDUDPHWHU QHZ0$ IURP WKH HQYLURQPHQW LW UHDVVLJQV WKH PRYHPHQW DXWKRULW\ YDULDEOHV P.U P.H
P.G DFFRUGLQJ WR QRQGHWHUPLQLVWLFDOO\ FKRVHQ YDOXHV U,H,G, VXEMHFW WR VRPH UHVWULFWLRQV DV IROORZV
)LUVWO\ WKH HYHQW FDQ RQO\ WDNH SODFH LQ QRUPDO PRGH 6HFRQGO\ WKH YDOXHV DVVLJQHG PXVW DOO EH SRVLWLYH
FRQVLVWHQW ZLWK WKH UHVWULFWLRQ WKDW ZKHQ XQGHU DXWRPDWLF FRQWURO WKH WUDLQ FDQ RQO\ PRYH IRUZDUGV
7KLUGO\ WKH QHZ YDOXHV IRU P.U DQG P.G PXVW VDWLVI\ U ≥ G LH WKH UHFRPPHQGHG LH FUXLVLQJ VSHHG
LV JUHDWHU WKDQ WKH GHPDQGHG LH OLPLWLQJ VSHHG ZKLFK LV DOVR H[SUHVVHG LQ LQY 7KLV LV D QDWXUDO
SURSHUW\ WR H[SHFW DQG DOWKRXJK QRW HVVHQWLDO LW VLPSOLI HV VRPH FDVH DQDO\VLV EHORZ )RXUWKO\ WKHUH DUH
WZR IXUWKHU G\QDPLFDO UHVWULFWLRQV RQ WKH QHZ PRYHPHQW DXWKRULW\ YDOXHV
7R XQGHUVWDQG WKH I UVW WKHUH LV D UHTXLUHPHQW WKDW DQ\ XSGDWH WR D PRYHPHQW DXWKRULW\ PXVW EH QR
PRUH GHPDQGLQJ WKDQ LWV SUHGHFHVVRU LQ FDVH WKH WUDLQ LV DOUHDG\ EUDNLQJ DV KDUG DV LW FDQ LQ RUGHU WR
UHPDLQ ZLWKLQ WKH FXUUHQW PRYHPHQW DXWKRULW\ &RQVHTXHQWO\ LI WKH QHZ GHPDQGHG VSHHG G LV JUHDWHU
WKDQ WKH FXUUHQW RQH P.G WKHQ VLQFH WKH WUDLQ LV E\ DVVXPSWLRQ JXDUDQWHHG WR EH FDSDEOH RI UHPDLQLQJ
ZLWKLQ WKH FXUUHQW PRYHPHQW DXWKRULW\ LH WR QRW JR SDVWP.H ZH QHHG RQO\ HQVXUH WKDW WKH QHZ HQGSRLQW
H LV QR HDUOLHU WKDQ WKH FXUUHQW RQH (G ≥P.G⇒ H≥P.H)
7R XQGHUVWDQG WKH VHFRQG FRQVLGHU WKH IROORZLQJ :KHQ LGHDO RQHGLPHQVLRQDO PRWLRQ LV JRYHUQHG
E\ DFFHOHUDWLRQ WKDW LV SLHFHZLVH FRQVWDQW RYHU WLPH WKHQ YHORFLW\ LV SLHFHZLVH OLQHDU RYHU WKH VDPH
WLPH SHULRGV ZLWKLQ ZKLFK WKH DFFHOHUDWLRQ LV FRQVWDQW HDFK SLHFH ZLWK UHVSHFW WR DQ RULJLQ RI WLPH
DSSURSULDWH WR HQVXULQJ FRQWLQXLW\ WKRXJK QRW GLIIHUHQWLDELOLW\ RI WKH YHORFLW\ DV D ZKROH )XUWKHUPRUH
LQ WKLV VLWXDWLRQ SRVLWLRQ LV SLHFHZLVH TXDGUDWLF DJDLQ RYHU WKH VDPH WLPH SHULRGV ZLWKLQ ZKLFK WKH
DFFHOHUDWLRQ LV FRQVWDQW DQG VXFK WKDW HDFK SLHFH LV TXDGUDWLF ZLWK UHVSHFW WR WKH VDPH RULJLQ RI WLPH
WKDW DSSOLHG WR WKH YHORFLW\ DQG ZLWK DQ LQLWLDO YDOXH WKDW HQVXUHV FRQWLQXLW\ WKRXJK QRW GLIIHUHQWLDELOLW\
EH\RQG I UVW RUGHU RI WKH SRVLWLRQ DV D ZKROH 7KXV GXULQJ D SHULRG RI FRQVWDQW DF RU GH FHOHUDWLRQ D
WKH YHORFLW\ EHKDYHV OLNH Y= DW DQG WKH SRVLWLRQ OLNH G = G + DW
 ZLWK UHVSHFW WR DQ DSSURSULDWH RULJLQ
IRU WLPH W DQG LQLWLDO SRVLWLRQ G (OLPLQDWLQJ W ZH I QG G = G + Y/D VR WKDW RYHU VRPH SHULRG RI
FRQVWDQW FHOHUDWLRQ ZKHUH WKH YHORFLW\ GRHV QRW FURVV  ZH KDYH

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(1'
)LJXUH  $ +\EULG (YHQW% PDFKLQH IRU WKH (XURSHDQ 7UDLQ &RQWURO 6\VWHP

UHODWLYH GLVSODFHPHQW =
GLIIHUHQFH LQ VTXDUHG YHORFLW\
× FHOHUDWLRQ

ZKHUH ERWK WKH QXPHUDWRU DQG GHQRPLQDWRU RI  DUH SRVLWLYH
5HWXUQLQJ WR WKH ODVW029(0(17 $87+25,7< JXDUG LI WKH QHZ GHPDQGHG VSHHG G LV OHVV WKDQ WKH
FXUUHQW RQH P.G WKHQ IRU WKH QHZ HQGSRLQW H ZH PXVW DOORZ DQ H[WUD GLVWDQFH DW OHDVW HQRXJK WR SHUPLW
PD[LPXP EUDNLQJ WR VXFFHVVIXOO\ EULQJ WKH WUDLQ GRZQ WR YHORFLW\ G LQ WKH ZRUVW FDVH 7KH ZRUVW FDVH
LV JLYHQ E\ DVVXPLQJ WKDW WKH WUDLQ VWDUWHG EUDNLQJ DV KDUG DV SRVVLEOH DV ODWH DV SRVVLEOH WR VWLOO UHPDLQ
ZLWKLQ WKH FXUUHQW PRYHPHQW DXWKRULW\ ,Q WKDW FDVH ZKHQ WKH WUDLQ DUULYHV DW WKH FXUUHQW HQGSRLQW P.H
LW ZLOO EH WUDYHOOLQJ DW YHORFLW\ P.G E\ GHI QLWLRQ 7KHUHIRUH WR EH JRLQJ DW G E\ WKH WLPH H LV UHDFKHG
ZH PXVW DGG DW OHDVW (P.G − G)/E H[WUD GLVSODFHPHQW RQWR P.H WR UHPDLQ IHDVLEOH ZKHUH E LV WKH
PD[LPXP EUDNLQJ GHFHOHUDWLRQ +HQFH (G ≤P.G⇒ H≥P.H+(P.G−G)/E) :H GLVFXVV WKH XSGDWH
WR τ.VE LQ029(0(17 $87+25,7< ODWHU
7KH UHPDLQLQJ HYHQWV UHIHU SXUHO\ WR WKH WUDLQ 7KH RQO\ QRQI QDO SOLDQW HYHQW LV '5,9( ZKLFK LV
VFKHGXOHG ZKHQHYHU WKH FORFN LV UHVHW WR  DQG ODVWV IRU D SHULRG τ.FON< ε $W WKH OHIW OLPLW RI WKH HQGSRLQW
RI WKLV SHULRG YDULRXV PRGH HYHQWV FDQ EHFRPH HQDEOHG YLD D JXDUG τ.FON = ε VR E\ WKH VHPDQWLFV LQ
6HFWLRQ  VXFK HYHQWV FDQ FRQWLQXH WKH V\VWHP WUDFH 7KH '5,9( HYHQW LWVHOI PHUHO\ VWLSXODWHV WKDW WKH
WUDLQ IROORZV WKH ODZV RI 1HZWRQLDQ PHFKDQLFV GXULQJ DQ\ SOLDQW WUDQVLWLRQ VSHFLI HG E\ WKLV HYHQW
7KH HYHQW 63((' 2. VWLSXODWHV WKDW LQ QRUPDO PRGH DW WKH HQG RI D SROOLQJ LQWHUYDO LI WKH WUDLQ¶V
FXUUHQW VSHHG GRHV QRW H[FHHG WKH UHFRPPHQGHG PD[LPXP DQG WKH WUDLQ KDV QRW UHDFKHG WKH HPHUJHQF\
EUDNLQJ ]RQH WKH DFFHOHUDWLRQ IRU WKH QH[W SROOLQJ LQWHUYDO FDQ EH VHW DUELWUDULO\ EHWZHHQ LWV VWDWLF PLQL
PXP DQG PD[LPXP YDOXHV 7KH FORFN LV UHVHW DQG '5,9( LV UHHQDEOHG IRU WKH QH[W SROOLQJ LQWHUYDO
7KH QH[W HYHQW LV 63((' +,*+ ,I LQ QRUPDO PRGH DW WKH HQG RI D SROOLQJ LQWHUYDO WKH WUDLQ¶V
FXUUHQW VSHHG H[FHHGV WKH UHFRPPHQGHG PD[LPXP DQG WKH WUDLQ KDV QRW UHDFKHG WKH HPHUJHQF\ EUDNLQJ
]RQH WKH DFFHOHUDWLRQ IRU WKH QH[W SROOLQJ LQWHUYDO LV VHW IRU VLPSOLFLW\ WR LWV VWDWLF PLQLPXP 7KH FORFN
LV UHVHW DQG '5,9( LV UHHQDEOHG IRU WKH QH[W SROOLQJ LQWHUYDO
,I E\ WKH HQG RI D SROOLQJ LQWHUYDO WKH PRGH KDV EHHQ VHW WR HPHUJHQF\ RU WKH HPHUJHQF\ EUDNLQJ
]RQH KDV EHHQ HQWHUHG WKHQ LQ WKH QH[W HYHQW $8720$7,& 75$,1 3527(&7,21 WKH DFFHOHUDWLRQ
LV VHW WR PD[LPXP EUDNLQJ DQG WKH FORFN LV UHVHW 7KH DFWLRQV RI WKLV HYHQW DUH LGHQWLFDO WR WKRVH RI
63((' +,*+ LQ WKLV YHU\ VLPSOH PRGHO HVVHQWLDOO\ IRU WKH UHDVRQV H[SODLQHG LQ IRRWQRWH 
7KH ODVW PRGH HYHQW )8// 6723 LV WULJJHUHG LQ HPHUJHQF\ PRGH ZKHQ WKH YHORFLW\ UHDFKHV  DW
ZKLFK SRLQW WKH DFFHOHUDWLRQ LV VHW WR  WRR DQG WKH WUDLQ¶V PRWLRQ VWRSV HQDEOLQJ WKH I QDO SOLDQW HYHQW
),1$/ 75$,1 ZKLFK NHHSV WKH WUDLQ DW UHVW LQGHI QLWHO\ KHQFHIRUWK
:H UHWXUQ WR WKH 029(0(17 $87+25,7< HYHQW 7KH MRE RI WKH WUDLQ¶V SRUWLRQ RI WKH HYHQW LV WR
XSGDWH LWV VWDUW EUDNLQJ YDULDEOH τ.VE VR WKDW LW UHPDLQV FRQVLVWHQW ZLWK WKH UHTXLUHPHQW RI EHLQJ DEOH WR
GHFHOHUDWH WR WKH QHZ GHPDQGHG VSHHG G E\ WKH WLPH WKH QHZ HQGSRLQW RI WKH PRYHPHQW DXWKRULW\ H LV
UHDFKHG
%HIRUH UHVROYLQJ WKH LPSOLFDWLRQV RI WKLV ZH REVHUYH WKDW LI WKH WUDLQ LV WUDYHOOLQJ DW YHORFLW\ τ.Y WKHQ
E\  WR UHGXFH VSHHG WR P.G DVVXPLQJ WKDW WKH WUDLQ LV EUDNLQJ DW UDWH E DQG WKDW τ.Y≥P.G UHTXLUHV
D EUDNLQJ GLVWDQFH
1% ,Q >@ IRU WKH FRUUHVSRQGLQJ VLWXDWLRQ EUDNLQJ LV VHW DUELWUDULO\ EHWZHHQ −E DQG  LH LW SHUPLWV QR EUDNLQJ DW DOO LQ
H[WUHPLV EXW WKH HQVXLQJ VDIHW\ GLVFXVVLRQ RI WKH V\VWHP LV DOZD\V SKUDVHG LQ WHUPV RI WKH WUDLQ FKRRVLQJ PD[LPXP EUDNLQJ
ZKHQ DSSURSULDWH 7KLV LV LQ OLQH ZLWK WKH FRQWURO HQJLQHHULQJ FRQFHUQ RI FRQWUROODELOLW\ LH WKH DELOLW\ WR FKRRVH D VXLWDEOH
EHKDYLRXU IRU WKH V\VWHP XQGHU SDUWLFXODU FLUFXPVWDQFHV E\ VXLWDEO\ DVVLJQLQJ WKH FRQWUROOHG YDULDEOHV 7KLV DSSURDFK DPRXQWV
WR DQ DQJHOLF FKRLFH RI FRXUVH ,Q WKH %0HWKRG V\VWHP EHKDYLRXU LV DOZD\V DQDO\VHG ZLWK UHVSHFW WR GHPRQLF FKRLFH VR ZH
KDYH PDGH WKH EHKDYLRXU KHUH PRUH GHWHUPLQLVWLF LQ RUGHU WR PRUH HDVLO\ DGGUHVV WKH VDIHW\ UHTXLUHPHQWV

EG(τ.Y,P.G) =
τ.Y−P.G
×E

7KLV PHDQV WKDW DW DOO WLPHV LW PXVW KROG WKDW
EG(τ.Y,P.G) ≤ τ.VE 
LH  PXVW EH DQ LQYDULDQW
7R JR IURP WKLV WR D VDIHW\ SURSHUW\ DQG WR D VDIH DVVLJQPHQW RI τ.VE LQ 029(0(17 $87+25,7< 
ZH PXVW UHODWH  WR WKH GDWD RI D PRYHPHQW DXWKRULW\ WR WKH WLPLQJ RI HYHQWV LQ WKH WUDLQ DQG WR KRZ
PRYHPHQW DXWKRULW\ GDWD FKDQJHV GXULQJ WKH 029(0(17 $87+25,7< HYHQW
,I WKH WUDLQ LV WUDYHOOLQJ DW YHORFLW\ τ.Y DQG τ.Y≤P.U WKHQ WKH PD[LPXP VSHHG DWWDLQDEOH ZLWKLQ DQ
XQFKDQJLQJ PRYHPHQW DXWKRULW\ LV P.U+$ε 7KLV LV EHFDXVH WKH RQO\ HYHQW WKDW FDQ PDNH WKH DFFHOHU
DWLRQ SRVLWLYH LV 63((' 2. DQG WKLV HYHQW LV VWLOO HQDEOHG ZKHQ τ.Y =P.U $W WKDW SRLQW 63((' 2.
PLJKW FKRRVH WR VHW τ.D WR DV PXFK DV $ ZKLFK FRXOG LQFUHDVH WKH VSHHG WR DV PXFK DVP.U+$ε RYHU WKH
QH[W SROOLQJ LQWHUYDO $IWHU WKDW 63((' 2. ZLOO EH GLVDEOHG DQG WKH RQO\ RWKHU PRGH HYHQWV DOO PDNH
τ.D QRQSRVLWLYH VR VSHHG P.U+$ε FDQQRW EH H[FHHGHG
,Q JRLQJ IURP P.U WRP.U+$ε WKH WUDLQ WUDYHOV DQ RYHUVKRRW GLVWDQFH ZKLFK LV DW PRVW
RG(P.U) =P.Uε+


$ε 
7KHUHIRUH LI τ.Y≤P.U KROGV DW VRPH SRLQW DQG WKH PRYHPHQW DXWKRULW\ GRHV QRW FKDQJH WKHQ
EG(P.U+$ε,P.G)+RG(P.U)≤ τ.VE 
UHSUHVHQWV D VDIH VWDWLF ZHDNHQLQJ RI  IRU WKH UHPDLQGHU RI WKH PRYHPHQW DXWKRULW\ 1RWH WKDW ZH
KDYH XVHG LQY KHUH
$OWHUQDWLYHO\ LI WKH WUDLQ LV WUDYHOOLQJ DW YHORFLW\ τ.Y DQG τ.Y ≥P.U WKHQ RQ WKH QH[W SROOLQJ RFFXU
UHQFH WKH WUDLQ ZLOO EH FRPSHOOHG WR UHGXFH VSHHG WRP.U 'XULQJ WKLV VSHHG UHGXFWLRQ WKH WUDLQ ZLOO WUDYHO
D GLVWDQFH DW PRVW
EG(τ.Y+$ε,P.U)+RG(τ.Y) 
DQG LIP.H LV FORVH HQRXJK DQG GHFHOHUDWLRQ LV WR FRQWLQXH GRZQ WRP.G LW ZLOO UHTXLUH D IXUWKHU GLVWDQFH
RI EG(P.U,P.G) WR UHDFK GHPDQGHG VSHHG PDNLQJ D WRWDO RI EG(τ.Y+$ε,P.G)+RG(τ.Y)
7KH DERYH IDFLOLWDWHV D FDVH DQDO\VLV IRU GHWHUPLQLQJ D VDIH YDOXH RI τ.VE ZKHQ WKH PRYHPHQW DXWKRU
LW\ LV XSGDWHG WR D QHZ WXSOH RI YDOXHV U,H,G
,I τ.Y ≤ U WKHQ ZH FDQ XVH WKH I UVW FDVH DERYH WR VHW τ.VE WR EG(U+$ε,G)+ RG(U) ,I τ.Y ≥ U WKHQ
ZH FDQ UHO\ RQ 63((' +,*+ RU $8720$7,& 75$,1 3527(&7,21 WR µLPPHGLDWHO\¶ VWDUW EUDNLQJ
WR UHGXFH WKH VSHHG WR U $IWHU WKDW DQ DVVLJQPHQW RI τ.VE WR EG(U+$ε,G) + RG(U) ZLOO WDNH FDUH RI
GHFHOHUDWLRQ WR GHPDQGHG VSHHG ZKHQ QHHGHG 7KXV WKH YDOXH WR EH DVVLJQHG WR τ.VE LV WKH VDPH LQ
ERWK FDVHV DOWKRXJK WKH MXVWLI FDWLRQ LV GLIIHUHQW LQ WKH WZR EUDQFKHV 7KLV FRPSOHWHV RXU GLVFXVVLRQ RI
029(0(17 $87+25,7< DQG RI WKH (&76 FDVH VWXG\
µ,PPHGLDWHO\¶ PHDQV ZLWKLQ DQ RYHUVKRRW WROHUDQFH RI RG(τ.Y) ZKLFK ZLOO KDYH EHHQ DOORZHG IRU LQ D SUHFHGLQJ PRYHPHQW
DXWKRULW\

 6RPH %HKDYLRXUV RI WKH (7&6 +\EULG (YHQW% 0DFKLQH
6XSHUI FLDOO\ DOO VHHPV ZHOO +RZHYHU ZKHQ ZH ORRN DW WKLQJV LQ PRUH GHWDLO SRWHQWLDOO\ XQGHVLUDEOH
V\VWHP EHKDYLRXUV EHFRPH DSSDUHQW
&RQVLGHU WKH IROORZLQJ V\VWHP EHKDYLRXU 6% 7KH V\VWHP LV LQLWLDOLVHG 'XULQJ WKH I UVW SROOLQJ
LQWHUYDO QRWKLQJ FKDQJHV H[FHSW WKH FORFN $W WKH QH[W PRGH WUDQVLWLRQ 63((' 2. LV HQDEOHG FKRRVHV
τ.D=$ DQG LV VFKHGXOHG WKH WUDLQ VWDUWV WR DFFHOHUDWH $W WKH HQG RI WKH QH[W SROOLQJ LQWHUYDO WKH LQYDULDQWV
DUH FKHFNHG DQG VLQFH WKH VSHHG LV QRZ $ε LQYDULDQW LQY IDLOV 7KHUHIRUH 6% $%257V :H FRQFOXGH
WKDW WKH (7&6 PDFKLQH FDQQRW EH FRUUHFW DFFRUGLQJ WR WKH FULWHULD LQ 'HI QLWLRQ 
1RZ FRQVLGHU V\VWHP EHKDYLRXU 6% 7KH I UVW SROOLQJ LQWHUYDO LV DV LQ 6% $W WKH QH[W PRGH
WUDQVLWLRQ 63((' 2. FKRRVHV τ.D =  WKH WUDLQ UHPDLQV VWDWLRQDU\ 6XEVHTXHQW PRGH DQG SOLDQW WUDQ
VLWLRQV DUH UHSOLFDV RI WKHVH WZR 7KH FRPSOHWHO\ VWDWLRQDU\ EHKDYLRXU FDUULHV RQ LQGHI QLWHO\ 6LQFH QR
$%257 LV HQFRXQWHUHG ZH FRQFOXGH WKDW WKH (7&6 PDFKLQH LV DW OHDVW QRQYRLG DFFRUGLQJ WR WKH FULWHULD
LQ 'HI QLWLRQ 
7KH UHDVRQ IRU WKH IDLOXUH RI 6% LV QRW KDUG WR I QG 7KH LQLWLDOLVDWLRQ RI τ.VE GLG QRW WDNH LQWR
DFFRXQW WKH PRUH GHOLFDWH UHDVRQLQJ WKDW UHYHDOHG WKH QHHG IRU RG LQ FDOFXODWLQJ τ.VE
1RZ FRQVLGHU V\VWHP EHKDYLRXU 6%>τ.VE/RG()@ LQ ZKLFK ZH FKDQJH WKH LQLWLDOLVDWLRQ VR WKDW τ.VE
LV LQLWLDOLVHG WR RG() 1RZ DIWHU WKH I UVW SROOLQJ LQWHUYDO GXULQJ ZKLFK WKH RQO\ WKLQJ WKDW FKDQJHV LV
WKH FORFN RQO\ $8720$7,& 75$,1 3527(&7,21 LV HQDEOHG DQG τ.D LV VHW WR −E ,Q WKH QH[W SROOLQJ
LQWHUYDO '5,9( LV LQIHDVLEOH VLQFH ZLWK DQ LQLWLDO YHORFLW\ RI  DQG QHJDWLYH τ.D LW EHFRPHV LPSRVVLEOH
WR &203/< ZLWK τ.Y≥  IRU DQ\ I QLWH WLPH 6R 6%>τ.VE/RG()@ DOVR $%257V
&RQVLGHU QH[W V\VWHP EHKDYLRXU 6% LQ ZKLFK H[DFWO\ DW WKH HQG RI WKH I UVW SROOLQJ LQWHUYDO LH WKH
I UVW RFFXUUHQFH RI τ.FON = ε D 029(0(17 $87+25,7< HYHQW RFFXUV ZKLFK VHWV WKH PRYHPHQW DX
WKRULW\ GDWD WR µVHQVLEOH YDOXHV¶ WKDW SHUPLW WKH WUDLQ WR PRYH IRUZDUG ZKLOH PDLQWDLQLQJ WKH LQYDULDQWV
6XSSRVH WKH WUDLQ UHDFKHV WKH HPHUJHQF\ EUDNLQJ ]RQH LH $8720$7,& 75$,1 3527(&7,21 EH
FRPHV HQDEOHG 7KH WUDLQ GHFHOHUDWHV DQG VXSSRVH LWV YHORFLW\ UHDFKHV  ZKHQ WKH FORFN UHDGV τ.FON =
ε/ PDNLQJ WKH '5,9( HYHQW QR ORQJHU IHDVLEOH 6XSSRVH QR PRGH HYHQW RFFXUV DW WKLV WLPH 7KHQ ZH
KDYH VXFFHVVIXO I QLWH WHUPLQDWLRQ
1RZ FRQVLGHU V\VWHP EHKDYLRXU 6% 7KLV LV MXVW OLNH 6% EXW ZKHQ WKH WUDLQ KDV VWRSSHG PLG
ZD\ WKURXJK D SROOLQJ LQWHUYDO DW τ.FON = ε/ D 029(0(17 $87+25,7< HYHQW RFFXUV SUHFLVHO\ DW
WKDW PRPHQW EHFDXVH WKH HQYLURQPHQW SURGXFHG VXLWDEOH U,H,G YDOXHV MXVW WKHQ WKDW VHWV WKH PRYHPHQW
DXWKRULW\ GDWD WR VRPH QHZ VHQVLEOH YDOXHV WKDW LQ WKHLU RZQ WHUPV SHUPLW VHQVLEOH SURJUHVV RI WKH WUDLQ
$IWHU WKH 029(0(17 $87+25,7< HYHQW RFFXUUHQFH WKH '5,9( SOLDQW HYHQW LV GLVDEOHG EHFDXVH
τ.FON = ε 6LQFH WKHUH LV QR RWKHU HQDEOHG SOLDQW HYHQW DIWHU WKH 029(0(17 $87+25,7< HYHQW WKH
VHPDQWLFV FDXVHV DQ $%257
)LQDOO\ FRQVLGHU V\VWHP EHKDYLRXU 6% 7KLV LV OLNH 6% H[FHSW WKDW WKH RULJLQDO PRYHPHQW DX
WKRULW\ GDWD DUH VXFK WKDW WKH WUDLQ FRPHV WR D VWDQGVWLOO DW D SROOLQJ LQWHUYDO ERXQGDU\ LH τ.FON = ε
$ 029(0(17 $87+25,7< HYHQW RFFXUV SUHFLVHO\ WKHQ UHDVVLJQLQJ WKH PRYHPHQW DXWKRULW\ GDWD WR
QHZ VHQVLEOH YDOXHV 7KLV WLPH WKH WUDLQ FDQ FRQWLQXH PRYLQJ DFFRUGLQJ WR WKH QHZ GDWD DQG WKHUH LV QR
$%257
7KH DERYH VFHQDULRV FRQVHTXHQFHV RI D IDLUO\ XQFULWLFDO WUDQVOLWHUDWLRQ RI WKH (&76 FDVH VWXG\ LQ
>@ VHUYH WR VKRZ D QXPEHU RI WKLQJV )LUVWO\ WKH\ LOOXPLQDWH VRPH RI WKH GDUNHU FRUQHUV RI WKH +\EULG
(YHQW% VHPDQWLFV RI 6HFWLRQ  7KLV DOWKRXJK JLYLQJ D GHI QHG EHKDYLRXU IRU DOO +\EULG (YHQW%
SURMHFWV LV LQ SUDFWLFH VXFK WKDW ZH ZRXOG ZDQW WR H[FOXGH WKH PRUH XQGHVLUDEOH RI WKH SRVVLELOLWLHV
YLD VXLWDEO\ VWULQJHQW VWDWLF FKHFNV 6HFRQGO\ WKH XQFULWLFDO WUDQVOLWHUDWLRQ GLVFDUGHG D QXPEHU RI WKH
SURSHUWLHV LQKHUHQW LQ WKH RULJLQDO GL SURJUDPV LQ >@ )RU H[DPSOH LQ WKH RULJLQDO WUHDWPHQW RI >@
029(0(17 $87+25,7< ZDV RQO\ VFKHGXOHG DW SROOLQJ LQWHUYDO ERXQGDULHV DQG DOVR $8720$7,&
75$,1 3527(&7,21 LI HQDEOHG DOZD\V RYHUURGH WKH 63((' 2. DQG 63((' +,*+ SURYLVLRQV GXH
WR EHLQJ VHTXHQWLDOO\ FRPSRVHG DIWHU WKHP ² VXFK LVVXHV DUH HDV\ WR I [ YLD PRUH FDUHIXO SURJUDPPLQJ

and this would obviously be taken care of in a more serious attempt at ECTS via Hybrid Event-B.
Thirdly, we also saw the consequences of the purely demonic policy of the B-Method approach, versus
the option of using angelic choice as utilised in controllability arguments. This forced us to change the
behaviour of SPEED HIGH, in order to get any guarantee that when the train needed to, then (aside from
emergencies), it could actually be relied on to slow down.
11. Conclusions
In this paper we recalled conventional Event-B before embarking on a design of an extension that
would cope with the demands of the continuous behaviours exhibited by today’s hybrid and cyber-
physical systems. We examined in some detail the often unstated assumptions behind the relationship
between discrete event based systems (such as discrete Event-B) and the real world, in order that the
extension that we eventually presented disturbed existing Event-B conventions and assumptions as little
as possible.24 As well as seeking to minimise the human risk that accompanies inadvertent change to
unspoken assumptions, seeking to stay as consistent as possible with the existing framework for discrete
Event-B enables us to undermine as little as possible the existing features of Event-B as implemented in
the Rodin tool, in which so much effort has been invested to date.
We then examined how these conventions and assumptions could be extended to encompass the
needs of Hybrid Event-B. The exercise focused on the semantic domain, to determine the universe of
mathematical objects in which the extended language would take its values. Given the nature of typical
engineering applications, in which discrete discontinuities in signals commonly occur as systems move
from mode to mode, the chosen universe was the world of piecewise absolutely continuous functions of
time, which allowed characterisation in various ways, DEs, assignments, and predicates with models in
(sets of) such functions. We also examined the implications of imposing a Zeno condition.
After that we presented Hybrid Event-B itself, giving the syntax and semantics for a Hybrid Event-B
machine. We then moved on to consider ref nement. In seeking to disturb existing Event-B as little
as possible, we kept continuous behaviour apart from the existing discrete event framework as far as
possible, and this goal proved achievable.
In Section 9 we gathered together the proof obligations that would give substance to the semantics
of this framework in the Event-B style, and we gave two simple correctness results. In the last section
we gave a collection of examples of Hybrid Event-B modelling. After considering the bouncing ball and
a simple discretization problem, we ended with a simple version of the European Train Control System.
This case study, deliberately patterned rather loosely after the models in [38], gave us an opportunity
to discuss how some of the darker corners of the semantics of Hybrid Event-B could be exercised by
imprudently designed Hybrid Event-B specif cations. Future work will extend the present account to
multiple Hybrid Event-B machines, and further, to include stochastic behaviour as f rst class citizen.
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